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Abstract

Consider a setting in which firms randomly discover new ideas that affect
their products or services and implement only those ideas that increase current
profit. At the same time that firms are adapting their offerings, consumers are
searching among firms for the best match. It is shown that implicit in these
dual dynamics is an increasing returns mechanism which can result in one firm
dominating the market in the long run. The conditions under which there is
sustained market dominance are characterized.
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1 Introduction

Consider the following scenarios.

e Stores in a geographic market compete by adopting new practices. Upon dis-
covery, a store manager experiments with a new practice so as to assess its
profitability. A new practice which raises profit is retained and otherwise is dis-
carded. At the same time that stores are adapting their practices, consumers
are searching among stores to find the one whose practices best conform with
their preferences.

e Firms compete by modifying their products. Brand managers discover new
product attributes which they adopt and sell in test markets. Those modifica-
tions that increase profit are retained and rolled out for the general market and
the unprofitable ones are discarded. At the same time that firms are modifying
their products, consumers are trying different products to find the best match.

e Internet sites compete by upgrading their site. Through online surveys and
the tracking of clickstream behavior of those who visit their site, an online
company learns about the preferences of visitors. Based on the information
they’ve collected, a site evaluates new ideas and implements those that raise
profit (or reduce losses). At the same time that sites are adapting their services,
consumers are surfing among sites to find the one they like best.

What are the implications of these dual dynamics - firms adapting their offerings
and consumers sorting themselves among firms - for market dominance? If one firm
initially has a better store or product or Internet site and thereby attracts a bigger
share of the market, does it have a higher likelihood of being dominant in the future?
If market dominance is achieved, how easily is it sustained? How does the rate of
consumer experimentation affect the persistence of market dominance?

In addressing these questions, this paper makes two contributions. First, it iden-
tifies a new source of increasing returns predicated on the property that a firm’s best
source of information about the value of a new idea is its current customer base.
The right customer mix leads a firm to adopt the right kind of ideas which induces
consumer sorting that generates an even better customer mix leading the firm to
adopt even better ideas. While this feedback system is based upon a firm’s customer
mix, as opposed to market share as in most other increasing returns mechanisms,
this will ultimately lead to dominance as measured by market share. The second
contribution is exploring when this increasing returns mechanism generates sustained
market dominance - one firm persistently having a higher market share. Analysis
is performed on two models. In the first model, firms’ offerings are differentiated
horizontally and innovation takes the form of a new set of attributes in this space.
We show that, regardless of the rate of consumer experimentation, sustained market
dominance occurs with probability one. The model is then adapted to also allow the



quality of firms’ offerings to differ and be stochastic. If the maximum quality differ-
ential is sufficiently low, the first result persists and sustained market dominance is
inevitable. If it is sufficiently high then sustained market dominance does not occur
so that the identity of the market leader never gets locked in.

There is a well-developed literature identifying and exploring various feedback
mechanisms that generate increasing returns. Learning-by-doing can create increasing
returns because higher cumulative production results in lower marginal cost which
may induce the firm to price lower and thereby have higher output. That higher
output further increases its advantage in terms of cumulative production and thus
lowers marginal cost even further. Cabral and Riordan (1994) characterize conditions
whereby learning-by-doing does result in increasing market dominance. Another well-
known source of increasing returns is network externalities. Network externalities
are present when the value of a product or service to a consumer is increasing in
how many other consumers use it. A firm that initially has a high share of users
will offer a more appealing product and thereby tend to have an even higher share
of users in the future (see, for example, Katz and Shapiro, 1985, and Farrell and
Saloner, 1986). A third source of increasing returns is explored by Bagwell, Ramey
and Spulber (1997). Motivated by retail chains, they consider a setting in which
a firm with higher sales has a greater incentive to invest in reducing marginal cost
which leads it to set a lower price; thereby generating yet higher sales and a yet
greater incentive to engage in cost-reducing investment. A closely related literature
explores the extent to which a cost or demand leader invests more aggressively in
innovation so as to maintain that leadership. Vickers (1986) explored the extent to
which a firm with an existing cost advantage is inclined to spend more than other
firms for the next innovation and thereby enhance its cost advantage. The current
market leader maintained its advantage depending on the form of competition in
the product market. In a more general setting, Budd, Harris, and Vickers (1993)
characterized conditions under which a leader would tend to increase its advantage.

2 Model

There are two firms: firm 1 and firm 2. At any point in time, a firm has a location
in [0, 1] which represents its practices. Let z} denote the practices or location of firm
7 in period t. Time is discrete and unbounded so that ¢ = 1,2, ... Initial locations
are assumed to be different: 29 # x9.! There is a continuum of consumers who have
preferences over practices and a consumer is defined by his ideal set of practices. For
simplicity, there are only two types of consumers. A type 0 consumer’s ideal location
is 0 and a type 1 consumer’s ideal location is 1. A fraction a € (.5,1) of consumers
are type 0. The type 0 consumer should be thought of as the typical consumer in
this market and type 1 consumers as representing more of a niche sub-market.

'Results can be extended to when ) = 29 though it would involve additional tedious steps.



At any point in time, a consumer is “loyal” to one of the two firms. This means
that he buys with probability 1 — p from the firm to which he is loyal and buys
from the other firm with probability p € (0,1/2). One can think of p as the rate of
consumer search but also as being driven by exogenous forces disturbing a consumer’s
standard behavior; for example, a consumer might happen to be near his less favored
store on a particular day and buys from it.?

The profit to a firm with practices x generated by a type k customer is specified
to be g (|k — x|) which is assumed to be a decreasing concave function of |k — x|.

Al ¢:[0,1] — R, is twice continuously differentiable.
A2 ¢ (0)=0, ¢’ (d) <0Vd € (0,1], and ¢" (d) < OVd € [0,1].

Let 7 (z,w (0),w (1)) denote the profit to a firm when its practices are x and it
has a mass w (0) of loyal type 0 customers and a mass w (1) of loyal type 1 customers.

m(z,w(0),w(1)) = [(1—-p)w(0)+p(a—w(0))]g(z) (1)
+[(T=pw@)+p(l-a—-w(l)]gl~—=).

In explaining the profit function, a firm with w (0) loyal type 0 customers finds a
fraction 1 — p of them buying from it in the current period and a fraction p of the
a — w (0) type 0 consumers who are loyal to the other firm. The total mass of type
0 consumers visiting this firm is then [(1 — p) w (0) + p (o — w (0))] and from each of
them the firm earns profit of g (z).

In Lemma 1, ¢ (w (0) ,w (1)) is defined to be the location that maximizes current
profit given a firm’s loyal customer base is (w (0),w (1)). It shows that the optimal
firm location is well-defined and is decreasing in the mass of type 0 loyal customers
and increasing in the mass of type 1 loyal customers. Proofs are in the Appendix.

Lemma 1 3¢ :[0,a] x [0,1 —a] — [0,1] such that
¢ (w(0),w(1l)) € argmax7 (z,w (0),w(1)). (2)

@ s unique, %?0) <0, and % > 0.
Define ¢ = ¢ (,0) and ¢ = ¢ (0,1 — ) as the optimal location when a firm’s
loyal customers are all of the type 0 consumers and all of the type 1 consumers,
respectively. By Lemma 1, it follows that ¢ (w (0),w (1)) € [¢, 8] V (w (0),w (1)).
Notationally, it’ll be easier to work with the following description of the state. Let
(" and +* denote the mass of type 0 consumers and type 1 consumers, respectively,
that are loyal to firm 1. Firm 1’s profit in period ¢ is then

w1 (21, 859) = [ =p) B +p(a—B)] g (2)+[1=p)v +p(1-a—=1"]g (1(—)x’i) :
3

2Results are robust to allowing p to vary over time, either deterministically or stochastically.
What is important, however, is that p is bounded above zero which seems quite reasonable.
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and for firm 2 is
my (23, 8',9") = [(1 = p) (a = B) +pB] g (22) +[(1 = p) (1 = =7") + p7'] g (1 — 23).

(4)
Define ¢, (8',7') = ¢ (5'.7") and d, (8',7") = 6 (o — B, 1 — a —~").

Firm 7 enters period ¢ with practices 2!~ *. The discovery of alternative locations
is presumed to be an act of creativity. Contrary to the usual assumption that the
space of locations is known, we assume that it is unknown and innovation involves
identifying points in that space. More specifically, in each period, a firm comes up
with a new set of practices with probability w € (0,1).% For period ¢, these new
practices are denoted y! and are drawn from [0, 1] according to the cdf F.

A3 F:[0,1] — [0,1] is continuous and strictly increasing.

A firm decides either to discard the idea, in which case 2t = z!™!, or to adopt it,
in which case z! = y!. This decision is based upon whether its adoption would raise
current profit; that is, myopic hill-climbing. Given a new idea of 3!, the dynamic on
firm practices is then:

i (287 84 > (vl 8 Y (5)
yto it (2 859 < m (yth 8, 7)

The idea behind this rule is that a firm adopts an idea based on information about
its appeal to those consumers who have recently bought from it. Returning to our
motivating examples in the Introduction, the interpretation is as follows. One could
imagine a store or brand manager implementing a new idea for a period of experi-
mentation which serves to reveal its profitability. What is implicitly assumed is that
the length of the period of experimentation is small so that it can be ignored.* For
the case of an Internet site, one can presume it has accumulated information about
who has recently visited its site and this information is used to judge the value of
an idea. At the heart of all of these examples is that those consumers who buy or
visit a firm are the best (and perhaps only) source of information about what are
worthwhile ideas. This provides the critical link between a firm’s customer base and
the set of new ideas that it would adopt.’

It is straightforward to characterize the set of acceptable ideas. Given a current
location = and loyal customers (w (0),w (1)), it follows from the strict concavity of
7 that there is a connected set of locations which yield at least as high a level of
profit as is achieved with . One extreme point of this set is . The other extreme

3 Assuming w < 1 simplies some steps in the proofs. All results go through if w = 1.

4This type of dynamic is also used in Gale and Rosenthal (1999) where they provide the same
interpretation for what they refer to as virtual experimentation.

®Though firms are not permitted to recall previously discovered ideas, if memory is bounded, so
a firm could only retain some maximal number of ideas, we do not think that it would affect our
main results.



point, denoted ¢ (z,w (0),w (1)), is defined by 7 (¢ (z,w (0) ,w (1)), w (0),w (1))
7 (2,0 (0),w (1)) (see Figure 1.5 Define v, (z, 8,7) = ¢ (2, 4,7) and v, (z, 3,7)
Y (z,a— 3,1 —a—). The set of acceptable ideas in period ¢, and also the set o
possible values for x, is then

[min {¢; (i7", 8,7") , 20!} ,max {o; (=", 8" 7") .2} .

Next consider the equation of motion on a firm’s loyal customers. A consumer
who is loyal to firm ¢ in period ¢ and buys from firm ¢ in period ¢ is assumed to
maintain his loyalty into period ¢t + 1. A type k consumer who is loyal to firm 7 in
period t and buys from store j in period ¢ maintains his loyalty into period t 4 1 iff
‘m’fl — k| < |:E§ — k‘ and is loyal to firm j otherwise. The idea is that a consumer’s
loyalty is based on how close a firm’s practices are to his ideal practices. If a consumer
loyal to firm ¢ bought from it in period ¢ — 1 but experimented with the other firm
in period t then the consumer is assumed to make this judgement by comparing his
most recent experiences. To ensure that this is the preceding period for a consumer’s
favored firm, it is assumed that if a consumer experimented in period ¢ but did not
change his loyalty then he does not experiment in period ¢. A consumer’s information
is then no more than one period old. The resulting equations of motion on loyal
customers are:”

h

B+p(a-p3") if 271 < 2% and 2t < 257!
Bt — g . . %f Ty < 555 and 25! < :ftl (6)
(1=p) B +p(a—p") ifah <ai'and 2} <af!
(1—p)p if 4 < 207t and 25t < 2t
Y+p(l—a—~h if 24 < 207t and 25 < 2!
S yt %f m%ﬁf 7t~ and $Z171< zh 7)
1—p)Y'+p(l—a—79") ifzi <azband 2y <zt
(1—p)ot if 07! < b and 2} < 247!

For example, if 25 < 2/~ then type 0 customers who are loyal to firm 1 and buy

from firm 2 switch loyalty to firm 2. Thus, firm 1 only retains 1 — p of its 3" type
0 consumers who were loyal to it in the previous period. If, in addition, 2} < 24
then type 0 customers who are loyal to firm 2 and buy from firm 1 will switch loyalty
to firm 1. There are p (Oz — ﬁt) such consumers. As a result, when z < 2z}~ and
rf < xf!, firm 1’s set of type 0 loyal customers is (1 — p) ' + p (a — 3") . Finally,

assume interior values for the initial mix of consumers: 8' € (0,a),7* € (0,1 —a) .

SWhen f2’ € [0,1] such that 7 (2, (0),w (1)) = 7 (2,w (0),w (1)) then ¥ = 0 if ¢ < 2 and
Yv=1if ¢ > x.

"Note that the equations of motion are only defined for when locations are different. These could
easily be extended to include identical locations though it’ll prove irrelevant since if 29 # 2§ then
o} # xiVt with probability one.

8Results are robust to this assumption though amending the proofs would involve handling
additional cases.



Let us offer a few comments on these behavioral assumptions. Assuming firms
adopt new practices on the basis of current profit is most appropriate for environments
in which firms have little information about how consumers behave and the distribu-
tion of consumer types. In that case, firm behavior is likely to be experientially-based
- they adopt practices that experience (or experimentation) tells them are good ones.’
This is to be contrasted with an equilibrium approach in which firms have an accurate
model of the market based on their beliefs over the distribution of consumer types
and how consumers respond to practices. The assumptions that consumers base their
loyalty on their most recent experiences and experiment at an exogenous rate seem
quite reasonable. Having behavior be forward-looking would require consumers to
formulate a model of how firms adjust their practices over time as well as how other
consumers are determining their loyalty. As the development of such a model is likely
to be quite costly, it is arguably reasonable for consumers to use the type of heuristics
specified here.!?

These dual dynamics create a feedback system defined on the state variables
(:ctfl,xg’l, 6t,7t). The dynamic on firm practices in (5) depends on the current
allocation of customer loyalty across firms. The allocation of customer loyalty, as
specified in (6)-(7), depends on stores’ practices. To derive some initial insight into
why increasing returns may emerge from this feedback system, let H; ( ‘m’fl, iid 7’5)
denote the cdf on xt. H; ( |a:f’1, Gt fyt) depends on the probability of a firm receiving a
new idea, w, the probability distribution over new ideas, F’, and the rule for adjusting
store practices, (5). In Lemma 2, K >; L means that cdf K stochastically dominates
cdf L in the first-degree.

Lemma 2 [fﬁ > B and ¥ < 7 then H, (-|ZE':1_1,B,7) >, H, (
H2 ( mg_laﬁa’i) >1 H2 ( ‘133_1,3,7) .

#7B,7) and

Lemma 2 says that if firm 1’s period ¢ share of type 0 consumers is increased
and/or its share of type 1 consumers is decreased, more probability is assigned to
lower values for zf and to higher values for x%. Hence, the probability that z¢ < x5!,
so that type 0 consumers switch loyalty from firm 2 to firm 1, increases and the

probability that zt™! < %, so that type 0 consumers who are loyal to firm 1 maintain

9The behavioral assumption is that firms, as well as consumers, are procedurally rational in the
sense that they do not anticipate the behavior of other agents but rather simply associate particular
consequences with particular actions and choose the action yielding the best consequence. Developed
by Simon (1982), procedural rationality has recently been explored in Rubinstein (1998).

107t is worth noting that the random element in the model are firms’ practices rather than con-
sumers’ loyalty decisions. This choice is motivated by our sense that while there may be some
randomness in an individual consumer’s loyalty decision that the law of large numbers would tend
to operate at the level of the firm populations. That is, it is unlikely that a firm would experience
a substantive change in its customer base due to random actions by consumers. In contrast, we
believe that innovation is highly stochastic; there is a fair amount of randomness associated with
coming up with new ideas.



their loyalty, increases. As a lower location makes a firm more attractive to type
0 consumers and less attractive to type 1 consumers, 7 will tend to be higher
and 7"*! lower when (3,7') = (E, 7) than when (3°,7') = (3,7). In this way, a
customer mix biased toward type 0 consumers induces a firm to adopt ideas more
suitable for type 0 consumers which tends to cause the customer mix to become more
biased to type 0 consumers and thereby further induces the adoption of such ideas.
Lemma 2 also implies that the probability that 2} < z%, so that firm 1’s new location
is more desirable to type 0 consumers than firm 2’s new location, is higher under

(3,?) than (B, 7) A1 To what extent does this feedback create increasing returns

and generate sustained market dominance? Given that firms are always receiving
new ideas, can a sufficiently high rate of consumer experimentation ensure that the
current market leader will not become entrenched? These are some of the questions
that will be addressed in the remainder of the paper.

While this particular feedback system between firms and consumers is new, pre-
vious work has modelled the dynamical movement of buyers among sellers. In Berge-
mann and Véliméki (1997), a new firm’s product is of unknown quality and both
buyers and sellers receives signals, the informativeness of which is increasing in the
number of units sold of the product. Though a very different setting, there is a sim-
ilarity as buyers move among sellers as they learn about the new seller’s quality. In
the search model of Burdett and Coles (1997), consumers know the price distribution
in the market but not the price that each firm charges. Consumers enter the market
and engage in costly price search (products are homogeneous). In each period, a firm
has a stock of regular customers who are defined to be those that bought from it last
period. A regular customer avoids incurring a search cost while to buy from any other
firm requires incurring a search cost. This gives a firm some market power over its
regular customers and causes it to price higher when its stock of regular customers is
larger relative to the flow of non-regular searching customers who visit it. A higher
price generates more profit from its regular customers but results in the firm being
less successful in inducing searching consumers to become regular ones. There is then
a feedback mechanism present as a firm’s stock of regular customers influences its
price which determines next period’s stock of regular customers. Note the similarity
with our model where a firm’s stock of loyal customers influences the practices that
a firm wants to adopt and those practices determine next period’s stock of loyal cus-
tomers. Finally, Weisbuch, Kirman, and Herreiner (2000) explore the extent to which
buyer and sellers form long-lasting relationships. In each period, buyers decide which

"UThe probability that =t < x is fol H; (z) dH>5 (x) . The statement is then true iff

/ (o) di (@) > / " () da @).

This inequality holds because ﬁQ stochastically dominates Hy in the first degree and I:H (x) >
H, (x) V.



seller to visit using reinforcement learning; the probability of visiting a seller depends
on the past profit realized by interacting with that seller. Profit from a transaction
depends on whether the seller has the supply to sell to a buyer. Depending on the
variant of the model, sellers are either fixed in their behavior or choose to supply an
amount equal to the previous period’s demand.

3 Nash Equilibrium

Prior to analyzing the dynamic model of the preceding section, it is useful to charac-
terize Nash equilibrium for the complete information game as a benchmark. Imagine
that firms are aware of the distribution of consumers, the rate at which consumers
buy from them, and know how to implement each practice in [0,1]. Thus, contrary
to the preceding model, it is assumed that all that could be known about how to sat-
isfy consumers is known. A firm is modelled as choosing a practice to maximize its
profit given the (correctly) anticipated practice of the other firm and the (correctly)
anticipated sorting by consumers. Firm i’s payoff is then'?

(1-plag(x)+p(l—a)g(l—a;) ifz; <z,
i (21, 72) = ¢ (a/2) g () +[(1 —a) /2] g (1 — ;) if 2 = 2
pag () + (1 p) (1 - ) g (1 — ) if 2, <

By locating to the left (right) of its competitor, a firm induces all type 0 (1) consumers
to be loyal to it. If it locates exactly at the other firm’s location then the two firms
equally divide the set of consumers.

Theorem 3 shows that if the proportion of type 0 consumers is sufficiently high
then an equilibrium exists. Furthermore, the equilibrium is unique and has both firms
deploying the ideal practice for type 0 consumers and thereby sharing the market.

Theorem 3 o € (1/2,1) such that: i) if o € (1/2,a) then a pure-strategy Nash
equilibrium does not exist; and i) if a € [a, 1] then (z1,z5) = (0,0) is the unique
pure-strateqy Nash equilibrium.

First note that if firms have different locations, say x1 < x5, so firm 1 is attracting
type 0 consumers and firm 2 is attracting type 1 consumers, firm 2 can improve its
profit by locating just to the left of x; and attracting type 0 consumers because there
are more of them than type 1 consumers. The only way that cannot happen is if
z1 = 0. However, if a is sufficiently close to 1/2 then firm 2 prefers to locate at ¢
(the optimal location when all of its loyal customers are type 1) and focus on serving
type 1 consumers then to locate at 0 and share both consumer types. But if it does
that then firm 1 prefers to locate at ¢ (the optimal location when all of its loyal

12To make an appropriate comparison with the dynamical model, p is maintained and not set
equal to zero.



customers are type 0). Hence, an equilibrium does not exist when « is low. When «a
is sufficiently high then both firms are content to locate at 0 and share the market
rather than be the exclusive preferred provider for the minority consumer type.

4 Sustained Market Dominance

We will use the term “dominance” to refer to one firm having more than half of the
market or, more specifically, having almost all type 0 consumers as loyal customers.
This section has three results. Theorem 4 derives the set of states for which a par-
ticular firm dominates for sure. Theorem 5 derives the set of states for which either
firm has a positive probability of dominating. Finally, Theorem 6 establishes that
the model always generates sustained market dominance.

The first result characterizes a set of states such that a particular firm dominates
in the long-run for sure. As defined below, €2; is the set of states such that firms’ sets
of acceptable ideas do not intersect and firm i’s maximal acceptable idea is less than
firm j’s minimal acceptable idea. See Figure 2 for an example of a state in €.

Q1 = {(xlvx%ﬁa 7) : max{¢1 (xlaﬁa 7) 71:1} < min {1/12 (m%ﬂ: 7) ,1'2}} (8)
Qy = {(21, 72, 8,7) : max {1, (v2, B,7) , 72} < min{yy (z1,5,7),71}}.  (9)

Theorem 4 shows that if the state is in €2; then firm ¢ dominates for sure. Once
in Q; or €y, the dynamic path on market shares is deterministic with the dominant
firm steadily attracting more type 0 consumers and steadily losing type 1 consumers.
However, as shown in the proof, the path on firms’ practices remains stochastic and,
furthermore, each firm’s practice will generally not be monotonic. Probabilistically,
practices converge to either (zq, z3) = (Q, 5), if the current state is in 0y, or (z1, z2) =

(5, Q), if the current state is in €2,.
Theorem 4 If (a:tfl, ot B 7’5) € Qq then with probability one:

= (1-p ' B+[1-1-p " "]a
= (1=p) [ | VT >t (10)

and lim, o, (67,77) = («,0). If (m’i’l,ngl,ﬁt,fyt) € Qy then with probability one:

/BT — (1 . p)T—t Bt
V= A=p) Y+ [1-(1-p) " ](1—-a) Vr>t (11)

and lim; o (67,77) = (0,1 — ).

If the state is in €; then it implies that z¢~! < 2! so that type 0 consumers prefer
firm 1’s practices. If this ordering of firms’ locations persists then, due to continual

10



consumer experimentation, all consumers will eventually learn that firm 1 better
meets the needs of type 0 consumers while firm 2 better serves type 1 consumers.
Eventually all type 0 consumers will be loyal to firm 1 and all type 1 consumers
will be loyal to firm 2. The next issue is what ensures that the ordering of firms’
locations persists. Note that firm 1 does not adopt any idea in period ¢ which exceeds
max {¢1 (a:ﬁ_l, ﬁt,vt) ,:Eﬁ_l} and firm 2 does not adopt any idea which is less than

min {+ (25", 87,77) , 25" }. Since
max {¢; (217, 87") 27"} <min{¢ (257", 67,97) ;25 '}

then 2t < 2} so that this ordering is sure to continue into the next period. This is not
sufficient to ensure the result, however, because 1, (mﬁ_l, gt yt) is not monotonically
decreasing over time and v, (a:’i’l, g, fyt) is not monotonically increasing over time
and, therefore, firms’ locations are not monotonic over time even when the state lies
in ;. However, the proof of Theorem 4 shows that max {¢1 (l'tl_l, Bt yt) ,xﬁ_l} is
monotonically decreasing over time and min {¢ (:Eg_l, 67, 77) , xé‘l} is monotonically
increasing over time. This implies ] < 23V7 > t and therefore firm 1 will eventually
have all type 0 consumers loyal to it.

Whether the market ends up being persistently dominated by one firm then de-
pends on whether the state ever enters into {2; U€2,. The next result shows that if the
state is not in €2; U 25 then with positive probability it ends up in €2, so that firm 1
dominates, and with positive probability it ends up in €25, so that firm 2 dominates.

Theorem 5 If (zi7", 257", 8',9") ¢ QU Qs then: i) lim,_o (877,79"7) = (,0)
with positive probability; and ii) lim,_ (67,~7"7) = (0,1 — a) with positive prob-
ability.

Though sustained market dominance is a possible outcome, is it inevitable? The-
orem 6 shows that, with probability one, one firm will ultimately achieve a dominant
position that will never be relinquished.

Theorem 6 Almost surely, lim; .o (8',7") € {(2,0),(0,1 — a)}.

In summarizing these results, first note that ; and {2y are absorbing sets of
states. If the state is in €); then it stays there and, more specifically, the state
converges to firm ¢ having all type 0 consumers as loyal customers and firm j having
all type 1 consumers as loyal customers. The long-run market share of firm ¢ is then
(1 —-p)a+p(1—a).If the state is outside of €y U Qy then eventually it will be in
Q1U€), and, furthermore, it can be in either £2; or €25 with positive probability. Thus,
if the state is not in €; U Qs then either firm could end up being dominant.'?

13Define $ as the optimal location when a firm has half of all type 0 consumers and half of all

type 1 consumers as loyal customers: ¢ = ¢, (,552)  If (247270, 8591 = (quS, b, o 1’7“) then

11



Implicit in our model is an increasing returns mechanism. A firm that currently
has a customer mix biased toward the prevalent consumer type in the market will
tend to identify as valuable those ideas well-suited to that type. Their adoption
impacts future loyalty switching by consumers and, in particular, generally leads to
a customer mix even more biased toward the prevalent type which leads a firm to
adopt ideas more suitable for them. Eventually, this process results in one of the firms
capturing and retaining most of the market. While the model is highly simplified,
the underlying story seems quite general. It is predicated upon the idea that firms
are uncertain about the value of a new idea and that their best source of information
about its value are those consumers who are currently buying from it. Though there
are indeed other sources of information - for example, market surveys - a firm’s current
customers will still be a primary source of information and, as long as that is the case,
the increasing returns mechanism that has been identified would seem pertinent to
understanding market dominance.

Note that myopic dynamics do not converge to a Nash equilibrium. Since lim;_, (ﬁt, 7’5) €
{(@,0),(0,1 — )} then, eventually, one firm’s optimal location is converging to ¢ and
the other’s to ¢. In a probabilistic sense, one firm’s location is then converging to [

and the other’s to ¢. Since 0 < ¢ < ¢ < 1, firms’ long-run locations are interior. In
contrast, Nash equilibrium, when it exists, has both firms locate at 0. In that case, no
single firm dominates as the two firms equally share the market.!* Further thought
is required to determine why convergence to Nash equilibrium does not occur.
There is a vast literature exploring dynamics in games based on myopic or im-
itative behavior. In briefly reviewing this work, it is important to remember that
myopia can come in many flavors. Fudenberg and Levine (1998) review a wide class
of myopic dynamics for which non-Nash outcomes are typically unstable.!> The work
of Kandori, Mailath, and Rob (1993) and Young (1993) found convergence to Nash
equilibrium so the focus of their studies was equilibrium selection. The general ten-
dency of myopic dynamics is to converge to a Nash equilibrium. Reviewing some work
based on imitative dynamics within oligopoly theory reveals a variety of results. For

it is easy to show that, with probability one,

T T QT T ~~a l—«
($17x27/6 +1afy +1) = <¢a¢a§a7> VTZt

Hence, (8, 8, oL I_T”‘) is a stable point for which there is no dominant firm. This case is excluded

from Theorem 6 since we've assumed x{ # x9. What Theorem 6 implies is that (@, gAZ), s 1_70‘) is

not locally stable.

14 @, 5) is a “local” Nash equilibrium in the sense that each firm’s strategy is a best response in
a neighborhood of its strategy.

5 For example, if fictitious play converges then it converges to a Nash equilibrium (Proposition 2.2)
and any non-Nash outcome is unstable with respect to any behavioral rules that are asymptotically
myopic and are based on beliefs that are asymptotically the same as the empirical distribution
(Proposition 4.1).
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the quantity game with homogeneous goods, Vega-Redondo (1997) shows that the
process converges to a price more competitive than equilibrium when a firm imitates
the quantity of the most profitable firms. Similar results are derived in Rhode and
Stegeman (2001) for the differentiated products price game and quantity game. For
the Bertrand price game in which sellers imitate the price of the most profitable sell-
ers, Hehenkamp, Qin, and Stuart (1999) and Alés-Ferrer, Ania, and Schenk-Hoppé
(2000) find convergence to the Nash equilibrium. Hehenkamp (2000) modifies this
model so that consumers only gradually learn about sellers’ prices and shows that
if consumers learn sufficiently slowly that the system does not converge to a Nash
equilibrium.

5 Comparative Dynamics and Simulations

To explore the presence of a first-mover advantage and the form it might take, sim-
ulations were conducted. The term “first-mover advantage” is used to refer to any
advantage emanating from the initial conditions to the system. The system has three
parameter values: « (the proportion of type 0 consumers in the population), p (the
rate at which consumers experiment), and w (the rate at which firms discovers new
ideas); and four initial conditions: Gt (the initial proportion of type 0 consumers
loyal to firm 1), 4! (the initial proportion of type 1 consumers loyal to firm 1), x9
(the initial location of firm 1), and z9 (the initial location of firm 2). The function g
is specified to be: g (|k —z|) =1— (k — ZE)2 . In that case, the long-run locations are:

p(l1—a) (1-p)(1—a)
(I-plat+p(l-a) (l=-p)I-a)+p(l—-a)

o= ¢ =

Simulations involve a four step procedure. First, values are set for o, p, w, f',
and 7. Second, values for z§ and z9 are randomly selected from [0, 1] according to
a uniform distribution. Third, the model is played out. This involves generating a
sequence of ideas; in each period, with probability w an idea is randomly selected
from [0, 1] according to a uniform distribution. Given this sequence of ideas, firms
and consumers act according to the equations of motion. Steps 2-3 are then repeated
1000 times. The values reported below are the averages of these 1000 runs. In some
of the runs, step 2 is replaced with initial locations being fixed over the 1000 runs.
Where that occurs, it is noted.

The first issue relates to identifying a first-mover advantage in this model. There
are two obvious possibilities - the initial mix of type 0 consumers relative to type
1 consumers and the initial firm locations. The height of the surface in Figure 3
measures the frequency with which firm 1 dominates - that is, the state eventually
enters into €; so that the long-run market share of firm 1 is (1 —p)a + p(1 — ).
Its dependence on firm 1’s initial share of type 0 consumers, (' /a, and its initial
share of type 1 consumers, v'/ (1 — ), is shown. These results are for when 60%
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of consumers are type 0 (o = .6), a firm, on average, receives seven ideas every ten
periods (w = .7), and a consumer, on average, experiments once every ten periods
(p = .1) and once every five periods (p = .2). Consistent with the intuition coming
out of the equations of motion, a higher mass of loyal type 0 consumers and a lower
mass of loyal type 1 consumers increases the frequency with which firm 1 dominates.
By having an initial customer mix biased towards type 0 consumers, firm 1 is more
inclined to adopt ideas suitable for type 0 consumers and this ultimately enhances
the likelihood of dominating the market. Also note that firm 1’s initial share of type
0 consumers could be quite low but it still is quite likely to dominate as long as the
customer mix is biased towards type 0 consumers. For example, it dominates well
more than 50% of the time when its initial share of type 0 consumers is only 20%
but its share of type 1 consumers is only 10%. Hence, it is not simply that more
type 0 consumers is conducive to dominating but rather a higher proportion of type
0 consumers among one’s loyal customer base leads to dominance.

While a bigger relative presence of type 0 consumers is conducive to being domi-
nant, it is not true that an initial location closer to that most desired by type 0 con-
sumers is always conducive to being dominant. Figure 4 reports the frequency with
which firm 1 dominates as a function of the initial locations, (2%, 29) = (z,1 —z),
and firm 1’s initial share of type 0 consumers. Parameter values and other initial
conditions are set at: 7' = 5(1—a), a = .6, w = .7, and p € {.3,.4}. Starting
from x = .5, so that firms are both initially located at .5, reducing = so firm 1 is
closer to 0 and firm 2 is farther away from 0 does enhance firm 1’s prospects for
dominance. Intuitively, a location closer to 0 is more effective at attracting type 0
consumers. However, when z is too close to 0, further decreases actually reduce the
frequency with which firm 1 is dominant. To see why this occurs, hold fixed firm
1I’s optimal location, ¢7. If 29 < @7 then the set of acceptable ideas is [29, wﬂ A
decrease in 29 will then serve to increase 1}, making it more likely that firm 1 would
adopt higher locations and thus more likely that firm 2’s location is more desirable to
type 0 consumers. A very low location may be undesirable because if it is well below
one’s optimal location, indicating that a firm’s current location is not in line with
their current customer base, it may lead the firm to radically increase its location.

Another way in which to approach the issue of dominance is to characterize €,
which is the part of the state space for which firm ¢ dominates for sure. Once the state
enters into (; then firm i’s market share steadily converges to (1 — p)a+p(1 —a).
Animation is provided at www.csuohio.edu/changm/main/research/dominance.htm
which shows the projection of €; (and €23) on the space of values for (:Eﬁ_l, rh ! ﬂt)
and depicts how this projection changes with respect to the fourth state variable,
v*. The red points comprise Q7 and the blue points comprise 5 (for a finite grid).
Observing 24, the set of values for (m’i’l, x’;’l) is larger for higher values for 8° and
this projection shrinks as 7 rises. Also note that as ~* rises, the projection of Q; gets
concentrated on higher values for 3 but moderates values for z{~' and ;! consistent
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with the point made with Figure 4.6

A second question to explore with simulations is to what extent the rate of con-
sumer experimentation is complementary to a first-mover advantage. There are two
countervailing forces at play. If, say, firm 1 has a higher mix of type 0 consumers
then it is more likely than the other firm to adopt a location that is more attractive
to those consumers. If consumers experiment at a higher rate, type 0 consumers who
are currently loyal to the other store will then learn about the firm’s superior prac-
tices and flow to it quicker. This makes it more likely that the state will get into €2;.
By this argument, a higher value for p augments the first-mover advantage from a
higher mix of type 0 consumers. On the other hand, if the current market laggard, in
terms of the customer mix, is able to develop a superior practice then more consumer
experimentation will result in a heavier flow of type 0 consumers to it. It may then
be able to become a market leader before the other firm develops a yet even better
practice. Examination of Figure 3 suggests that the latter effect dominates. As p
is increased from .1 to .2, the relationship between initial customer mixes and the
frequency with which firm 1 dominates becomes flatter; meaning that the likelihood
of dominance is less responsive to a firm’s customer base. Figure 5 shows this more
generally. The horizontal axis measures the degree of firm 1’s first-mover advantage
where it has no advantage at .5/.5 and, from that point upward, its advantage is
increasing. As p increases, the curve flattens which indicates that, for any initial ad-
vantage, the frequency with which firm 1 dominates is reduced. From these results,
it is concluded that a higher rate of consumer experimentation weakens a first-mover
advantage.

In contrast to the rate of consumer experimentation, Figure 6 shows that a higher
rate of new ideas does complement a firm’s first-mover advantage. As w increases,
the frequency with which firm 1 dominates, when it has a first-mover advantage,
increases. When it has a superior customer mix, a higher rate of discovery makes
it more likely that it’ll identify and adopt a practice attractive to type 0 consumers
before it loses its advantageous customer mix.

6 Horizontally and Vertically Differentiated Prac-
tices

An unsatisfactory property of the previous model is that there is always market
dominance in the long-run. Thus, the model has nothing to say about when we
should expect to observe one firm sustaining a dominant position in the market. To
address that issue, the previous model is enriched in the current section by allowing
firms’ practices to be both horizontally and vertically differentiated; that is, allowing
the quality of practices to differ between firms.

16Movie 3 is especially revealing of this point.
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Let z! denote the quality of firm ¢ in period ¢. A type k consumer prefers a firm
with practices ' and quality 2’ to a firm with practices z” and quality z” iff

|z — k| — |2" — k| < 2/ = 2".

The equations of motion are then re-defined to be:

( '+ p(a—f) if:vﬁ —ah <2t — 2l and ot — 2b Tt < 2t — 2

gt B if it —2b < 2t — 2band 2t — 2 < 2l — 2!
) A=p) B +p(a—p 1fzt1—z§<a:t1’1—m§andx1—m§1<z§—z§’1

L (1—p) if 2070 — 2k <ot — b and 2F — 2t <2t — 2t

(Y +p(1—a—7h) if ot — 247 <zii—z§and:cg —:171<zll—z
S 0% if of — 2t < 27— 2band 2t -2t <2l -
QI-—p)V+p(1l—a—17" 1fzt1—22<a:2—a:1’1anda:t1—m1<zl—z

L 1=p)9* if 2071 —2b <ol — 2t tand 2t -2t <ol —

Assume z! € A where A is a finite subset of [0,Z] and Z > 0 and quality affects
current profit in a proportional manner. This allows us to retain 7; (mf, gt 7’5) as
a firm’s profit function wlog.!” Note that one can interpret firms as receiving ideas
that affect the vertical dimension (that is, z!) as well as the horizontal dimension
(that is, z!). Since profit is monotonically increasing in quality, it’ll always adopt
quality-improving ideas. A state is now defined by s' = (a:ﬁ Lot 27t 2t B 7)
and let I denote the state space.

What is important for the analysis is the quality differential between firms, 2% —z%.
It is assumed to take on a finite number of values which lie in ¥. Note that W is induced
by A and is a subset of [-Z,Z] . Define p : ¥ xT" — [0, 1] to be the probability function
over zi — z4. Note that it can depend on the current state.'® A4 requires that positive
probability be assigned to firms having identical qualities and to the extreme values.
A5 requires that the probability that the quality differential does not change over a
finite number of periods is positive.

Ad p(6ls) >0V é6€e{-=20,z},Vs el
A5 If p(6]st) > 0 then V finite T, IT5H2. 14 (6 |s7) > 0 Vs™ such that 2] ' — 237! = 6.

Theorem 7 establishes that our earlier results are robust to allowing for vertical
differentiation as long as the maximum quality differential is not too large.

t—1
2

371
t—1
2

t
Ty

Theorem 7 IfZ € [0,5 — @ then, almost surely, lim;_ o, (ﬁt, ’yt) € {(a,0),(0,1—a)}.

"That is, suppose profit is & (2f) m; (t, 8,7*) where h (0) > 0 and A/ (2¢) > 0. Then the adoption
decisions regarding ideas are unaffected by the quality of a firm’s practices.

18For example, it can allow for the probability that the quality differential is more likely to grow
than to shrink which would be true if the quality leader has an advantage.

16



With IV, T C T, let Pr (I |T”) denote the probability that s'*7 € I for some T,
given st € I'”. Partition the state space into the following four sets:

o 1l -« «Q 11—«
r, = {sel“.ﬁ>§,7< 5 },Fzz{sel“.ﬁ<§,7> 5 },
o l—« o l—«
= 0> = > = 0 < = < .
I's {SEF ﬁ_2,7_ 5 }7F4 {SEF 5_2,7_ 5 }

I'y (I'2) is the set of states in which firm 1 (2) is dominating type 0 consumers
(that is, its share of type 0 consumers exceeds .5) and firm 2 (1) is dominating type
1 consumers. I's (I'y) is the set of states in which firm 1 (2) is dominating both
consumer types.

Theorem 8 shows that, if the maximum quality differential is sufficiently large then
the state will ultimately be in each of these sets. Furthermore, since Pr (I'; |T';) = 1
then I'; is recurrent so the state will visit I'; infinitely often. In other words, both
firms dominate infinitely often with probability one so that market dominance is not
sustained.

Theorem 8 IfZ > 5—@ then Pr(I';|T';) =1 Vi, j € {1,2,3,4}.

To summarize, one firm will have a market share asymptotically approaching
(1 —p)a+p (1l —a) when the maximum quality differential is less than ¢ — ¢. When

instead the maximum quality differential exceeds ¢ — ¢, the identity of the market

leader changes over time, even in the long-run. ¢ — ¢ is then a critical value which
determines whether or not there is sustained market dominance. It is straightforward
to show that this critical value is smaller when consumers search at a higher rate.
Using the first-order conditions defining ¢ and ¢, it can be derived:

9 o (@t1-a)g(1-9) 9 _ —ag(9)-(1-a)g(1-9)
Op  (I—plag’(¢) +p(l-a)g"(L=¢) "I  pag’(¢) +(1—p)(l—-a)g"(1-9)

< 0;

so that ¢ — ¢ is decreasing in p. Therefore, sustained market dominance is less likely
when consumers experiment at a higher rate.

To understand this result, one must first recognize that the crucial issue regarding
sustained market dominance is whether firms’ locations can be sufficiently far apart
in the long-run so that even if the market laggard has higher quality, it does not alter
consumers’ loyalty decisions. When firms have comparable qualities and, say, firm 1 is
dominant then firms’ optimal location decisions are converging to ¢ for firm 1 and ¢ for
firm 2. Their practices will probabilistically converge to those locations. Therefore,
in finite time with positive probability, |z} — x| is close to ¢ — ¢. If Z < ¢ — ¢, so
that Z < |z} — 24|, then firm 2 cannot induce type 0 customers to become loyal to it
even when it has higher quality practices. This is the basis for Theorem 7. However,
ifz > ¢— ¢ then higher quality induces type 0 customers to become loyal to firm
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2 and, in fact, both consumer types are attracted to it.!* The role of the rate of
consumer experimentation, p, is as follows. By raising p, firms’ have more similar
mixes of consumers buying from them as, in any period, there is a larger fraction of
“noise” consumers; consumers who, in that period, are choosing a firm irrespective of
their loyalty. The increased similarity in customer bases causes the long-run value for
|zt — 2b| to shrink. As a result, it becomes more likely that a quality advantage can
cause consumers to switch loyalties and turn a market laggard into a market leader.

7 Concluding Remarks

If, as firms’ locations settled down, consumer experimentation went to zero, it would
not be surprising if sustained market dominance prevailed. Even if a non-dominant
firm adopted a location that would be attractive to the prevalent consumer type,
there would be little consumer response to it. If firms engaged in local search - trying
to find profit-improving ideas around their current location - it would also not be
surprising if sustained dominance emerged. There might be ideas that would allow
a non-dominant firm to become dominant but a firm would never find them because
of its localized search. Finally, if firms faced a cost to adjusting their location, it
would once again not be surprising that sustained market dominance would emerge.
What is striking about our analysis is that - in spite of consumers always engaging
in experimentation, firms always engaging in global search, and firms being able
to costlessly adjust their locations - sustained market dominance must still prevail.
Furthermore, this result is robust to the rate of consumer experimentation though
it is not robust to allowing for sufficiently great shocks to the quality differential
between firms.

Obviously, a serious restriction in our analysis is that firms are myopic optimizers.
Specifically, it is assumed that new practices are adopted if and only if they raise profit
based on the current set of customers. A virtue to this rule is that it is sensible -
it’ll always lead to short-run profit increases - and it is feasible - it requires minimal
information and sophistication on the part of the firms. The other extreme would
be to characterize a Markov perfect equilibrium with firms valuing the discounted
stream of expected profits. The appeal there is that firms can take into account how
their practices affect their future customer bases. The obvious disadvantage is that
it is not at all clear that such strategies are feasible because: i) there may not exist
a plausible learning dynamic that converges to Markov equilibrium strategies; or ii)
it may not be computationally feasible for firms to solve for a Markov equilibrium
strategy.?’ The hope for future research is to find middle ground between these two

Ynterestingly, when one firm is preferred by both consumer types then firms’ locations proba-
bilistically converge to the same value, ¢ (see footnote 11).

20Though see Pakes (2000) for a discussion of a stochastic algorithm for learning Markov equilib-
rium strategies.
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extreme behavioral assumptions by identifying heuristics that take into account the
relationship between practices and customer loyalty decisions.

A second serious restriction is that price-setting behavior is not modelled. If
prices are set to maximize static profit then allowing firms to choose prices should
not upset results. Since, in the absence of price-setting, firms’ practices tend to
diverge, allowing firms to choose price should reinforce that tendency since more
similar practices result in more intense price competition. More interesting is if firms
are forward-looking and use price to attract consumers with the intent that they
may become loyal customers. A non-dominant firm could potentially displace the
dominant firm by pricing sufficiently low since a price differential is equivalent to a
quality differential and we know that market dominance is not sustained if the quality
differential is sufficiently large. Determining optimal pricing in that context would
be quite interesting.
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8 Appendix

Proof of Lemma 1: Let us first show that if 7 has an optimum, it is an interior
solution. Consider z =0 :
Om (0,w (0), w (1))
ox

=—[1-pw)+p(l-—a-w(l))]g(1)>0
since ¢’ (0) = 0. Hence, if ¢ exists then ¢ > 0. Next consider:

or (1,w (0),w (1))
ox

=[1=p)w(0)+p(a—w(0)]g (1) <0 (12)

Hence, if ¢ exists then ¢ < 1. Given an optimum must be interior and 7 is strictly
concave then ¢ is defined by the first-order condition:

(L= p)w(0) +p(a—w(0)]g (9) .
—[1=pw@)+p(l—a—-w(1)]g(1-¢) =0

Define
A= [1=pw©)+pa—w Ol ©) "
+[A=puw)+pAl-—a—-w(1))]g"(1-¢) <0,
as ¢ is strictly concave. Taking the total derivative of (13) with respect to w (0) ,one
finds:
9  (2p—1)g'(9)
w©o a0 (15)
since p € (0,1/2) . Similarly,
¢ _(1-2p)g'(1-¢)
dw (1) A >0 (16)

For notational ease, let ¢} = ¢, (6,7"), ¢ = ¢, (8°7), ¥] =¥, (27, 8°7),
and ¢, = 9 (51, 5,7") .

Proof of Lemma 2: This is trivially true if E = [ and 7 = 7 so, from hereon,
it is assumed that 3 > (3 and/or ¥ < 7. Let 5: and 5: be the optimal locations for

firm ¢ when the state variables are (E, &“) and (B, 7), respectively. From Lemma 1

it follows that 5’; < Ei and 5; < 5’; Let H; and H; denote the cdf on x! when the
period t — 1 state variables are (Bﬁ) and (B, 7), respectively. The result will only

be shown for firm 1 as the proof for firm 2 is analogous.

Suppose (¢} <) ¢} < z'. Given a location of a:fl firm 1 will adopt the period
t idea, yi, iff y} € [¢}, 27| . The probability that =} lies in a subset of [}, z]") is
the probability of firm 1 receiving a new idea, which is w, times the probablhty of yt
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lying in that subset. The residual probability is assigned to 2} = /™. Since F is the
cdf on 3%, we then have

0 if o} <
H, (a:’i) =< w [F (x}) — F (wi)} if wi <2t <ottt
1 if 2471 < ot

Suppose 7} < ¢} (< @Dﬁ) . Then

; if 24 < 2t!
Hy (2) = (1-w)4wlF (iﬂij) +1-F (¢Zl)] » %f mﬁ_? gt t
1 (I-w)+w[F(z7")+1=F )] +w[F(z}) - F(2i")] ifai' <2l <y

! if ot < ab.

N ~t —
There are three generic cases to consider: i) ¢, < qzﬁi <2t i) ¢, <2l < gbi; and
~t _ - ~
i) 207! < ¢, < qzﬁi. For each case, we’ll show that H; stochastically dominates H; in
the first degree; that is, . _
H, (2}) < Hy (2) Vab. (17)

i) Assume 5’; < 5’; < #%7'. The plan is to show that @i < Etl When ¢} is in the
interior of [0,1], it is defined by: m (¢} (27", 8°,7"),6,7") = 7 («171, 6,7") .
Taking the total derivative with respect to 3°, we derive:

oy |om (a7, 859Y)  om (¥1,B859) | /o (¥1,8,7Y)

o3 PYe B 03" ] / xtt
If ¢ < ¢} < 217" then or (¢}, 8',7") /02" > 0 and On (2171, 8°,4") /08" <
om (¥1, B,~") /08" which follows from 9°m/dz{ 93" < 0. Hence, if ¢] < 277"
then Oy /03" < 0. By an analogous argument, one can show that 9y /9! > 0.
Since 3 > B and 7 < 7 then: i) if E’i = 0 then @i =0 ; and ii) if E’i > (0 then
@i < Ei Therefore, @i < Ei It follows that

0 B ifﬁﬁ@zi .
S w|Fa) - F(6,)] it <ot <)
—t ~t ot _
w|F(B) - F ()] 7 <at <af™
if 2471 <ot

o

so that (17) holds.
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ii) Assume (@i <> ?;3'; <zt < 5’; (< Ei) . It follows that

r ~t
0 if 28 <)y

Fa) = F ()] ifd) <af<al?
H (2) = Hy (o}) = { w|F (§1) = F (of7)] ifaf =af!
F(6)-F@ah]  ifel? <at <7,
0 if 9y < at

€

€

so that (17) holds.
iii) Assume 2{! < &tl < 5’; By an analogous argument to that used in (i), we can
~t — ~t —
show 1, < ¢t1 and, therefore, z{™! < ¢, < ¢t1. It follows that
0 if 24 < 2tt
it it e t—1 t ot
—t ’ et
w|F () — F(a1) if ) <2y <P
0 if ) < o

H, (a1) = H (x1) =

so that (17) holds.

— ~t
This establishes that (17) is true. Since (b; < ¢,, by an analogous argument one
can show that H, stochastically dominates H in the first degree.

Proof of Theorem 3: There are two possible outcomes: i) x; # x5 so that one
firm’s loyal customers are type 0 and the other firm’s are type 1; and ii) 1 = z3 so
that each firm serves half of each consumer type. Let us first show that there does
not exist an equilibrium with z; # x. Wlog, suppose x; < x5 so that all type 0
consumers prefer to buy from firm 1 and all type 1 consumers prefer to buy from firm
2. It is immediate that (z1,z5) = (Q, 5) and firms’ payoffs are:

() = (1-plag(9)+p(l—a)g(l—9)
m(a) = pag () +(1—p)(1—a)g(1—9);

where, for later analysis, the dependence on « is made explicit. Also note that ¢

and ¢ are both functions of a. As an alternative to ¢, firm 2 could locate below
but arbitrarily close to ¢ and earn 7, (). Hence, a necessary condition for (Q, 5) to
be an equilibrium is that m; (o) < 75 (a). Analogously, firm 1 must prefer locating
at ¢ to locating above but arbitrarily close to ¢ and earning 7, (). Equilibrium
then requires 7, (a) > 75 (a) . Combining these two conditions, equilibrium requires
71 (a) = m2 () . The next step is to show that if o > 1/2 that this condition cannot
hold and, more specifically, 7 (a) > 72 ().
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First note that m (1/2) = m9(1/2). Next, let us evaluate the change in these
profit functions with respect to a.

(@) = (1-p)g(¢) —pg(1—9)
+¢' (@) [1=p)ag (8) —p(1—a)d (1-9)]
= (1-p)g(9) —pg(1-9)

g
s (1—p)ag (@) —p(l—a)g (1—¢) = 0 is the first-order condition defining ¢.
Since (1 —p)a > p (1-a) then the first-order condition implies ¢’ (¢) > ¢’ (1 — ¢)
(where recall that g’ < 0). Given g” < 0 then this implies ¢ < 1—¢ and thus ¢ < 1/2.

It follows that g (¢) > g (1 — ¢) and hence 7} (@) > 0. Next consider:

mh(a)=pg () —(1—p)g(l—9).

Since ¢ > 1/2 when a = 1/2 then 7 (1/2) < 0. For a near 1/2, it follows that
71 is increasing in « and 7y is decreasing in «. Hence, if dJa € (1/2,1) such that
71 () = 72 («) then, by these functions being continuously differentiable with respect
to a, Ja° such that m (a°) = 73 (a®) and 7] (a®) < 7 (a°) (that is, as « increases
toward a°, my approaches 71 from below). 7} (a°) < 7, (a°) iff

pg (@) —(1—p)g(1—9)>(1L—p)g(¢) —pg(1—¢) <

plg(1=¢)+9(@)]>01-p)[g(d) +9(1-9)]. (18)
Recall that, by Lemma 1, ¢ < ¢. Since ¢ (¢) g (1 —@ ,as ¢ < 1/2,and 1—p > p,
a necessary condition for (18) to hold is that g (gb) >g(1- 5) which implies ¢ < 1/2.
Given ¢ < ¢ < 1/2, note that firm 1’s profit from setting z; below but arbitrarily
close to ¢ is (1 — p) a°g (5) +p(l—a%g (1 — 5) which exceeds 75 (a®) . Therefore,
71 (a®) > 7 (a®). This shows fla such that m; () = 7 (@) and hence there does not
exist a Nash equilibrium in which z; # z».
Now consider (1, z2) = (z, z) . Each firm’s payoff is («/2) g (x)+[(1 — «) /2] g (1 — z) .
Suppose x € (0,1). A necessary condition for equilibrium is that locating at x is
preferable to locating below but arbitrarily close to x :

(@/2) g (x) +[(1-a)/2]g(1—2) (I-plag@)+p(l-a)g(l—12) =
(1-a)g(l—x) ag ().

Another necessary condition is that locating at x is preferable to locating above but
arbitrarily close to x :

(@/2)g(@)+[1—-a)/2lg(l—2) > pag(z)+(1—-p)1-a)g(l-2z)«=
ag(z) = (1-a)g(l—-z).

AVARLY,
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Combining these two conditions yields: ag(z) = (1 —«a)g(l —z). At a value of x
that satisfies that equality, a firm is indifferent between locating at = and locating
arbitrarily below = (and focusing on type 0 consumers) and arbitrarily above = (and
focusing on type 1 consumers). If ¢ < x then locating at ¢ is strictly preferred
to locating below and arbitrarily close to z. In that case, locating at ¢ is strictly
preferred to locating at z. It is then necessary that r < ¢. By the same logic, it is

necessary that ¢ < z. As this implies z < ¢ < ¢ < x, it is concluded that Az € (0, 1)
such that (z,z) is an equilibrium. B

Consider z = 1. Each firm’s payoff is («/2) ¢ (1) + [(1 — «) /2] g (0) and this is
strictly less than locating at 0 and earning (1 — p) ag (0) + p(1 —a)g(1). So (1,1)
is not an equilibrium.

Finally, consider x = 0. The necessary and sufficient condition for equilibrium is
that a firm prefers to locate at 0, and share both consumer types, than to locate at
¢ and serve only type 1 consumers. This holds iff ¥ (o) > 0 where

Vi) = (/2)g(0)+(1-a)/2)g(1)
—pag (¢) —(1—-p)(1—a)g(1—9).

When a = 1/2, a firm strictly prefers to locate at 1 given the other firm is at 0 iff
(1—=p)(1/2)g(0)+p(1/2)g(1) > (1/4) g (0) 4 (1/4) g (1)

which is indeed true. Hence, ¥ (1/2) < 0. Next note that it is an equilibrium for
both firms to locate at 0 when o = 1: W (1) = (1/2) g (0) — pg (¢) > 0. To conclude
the proof, let us show that if ¥ (a) = 0 then ¥’ (a) > 0. By ¥ being continuously
differentiable, this implies that there is a unique value for « such that ¥ () = 0.

U (o) = (1/2)[9() g —[pg (@) —1—p)g(1—9)]
() [pag (3) —(1—p) (1—a)g (1-9)].

Note that pag’ (5) —(1-p)(1-a)g(1- 5) = 0 by the first-order condition defining
@. It follows that:

V() = (1/2)[g(0) —g ()] = [pg (¢) —(1=p)g (1 -9)] . (19)

Next note that ¥ (a)) = 0 can be rearranged to yield

(1/2)[g (0) =g (1)]=[pg (¢) —(1=p)g (1 =¢)] = (1/a) [1—p)g (1 =) — (1/2) g (1)] .
Substituting this into (19):

V()= (1/a) [1=p)g(1—¢)—(1/2)g(1)] >0
as g(1—¢) >g(1)and 1 —p > 1/2.
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To summarize, (z1,22) = (0,0) is a Nash equilibrium iff ¥ (a) > 0. It’s been
shown that U (1/2) < 0 < ¥ (1) and if ¥ () = 0 then ¥’ () > 0. There then exists
a unique value of « over (1/2,1), denoted «, such that ¥ (o) > 0 iff « € [, 1]. B

Proof of Theorem 4: Only the proof for when (l'tl_l, zh ! ﬁt,vt) € ), is pro-
vided as the proof for when the state lies in €25 is the same.

Lemma 9 If
max {¢; (z77", 8% 7") , 207"} < min {¢, (257, 5% 7") 25"} (20)
then, with probability one,
(B AT = (6 +p(a=06),(1-0)"), (21)
¢1 (B 7TY) <1 (68%97), and 6, (8°7) < ¢ (87171 (22)

Proof: Suppose ¢! < xi' It follows that ¢! < ¢! < 2!, Recall that 3! is
the new idea for period t and is adopted iff it results in higher profit which, by
the definition of 1;, means that y} € [/,2}7"). Firm 1 either adopts y} as its new
location or maintains its current location. Therefore, its period t location either lies in
[¢1, z77"] so that 2% < 2{™" and thus 2} < max {¢{, 217"} . Next suppose z{" < ¢{.
This implies 7" < ¢} < ¢}. Since y} is adopted iff yi € (217", ¢!], it follows that
zf < ). Hence, 2} < max{¢],z"'}. It follows that 2} < max {¢{,z{"'}. By an
analogous argument, we can show that min {4, 25"} < b,

We then have

a:'i < max {w’i, a:tl_l} < min {ng,xg—l} < azg_l
so that 24 < 25! and
a:tl_l < max {w’i, mtl_l} < min {wg, mé‘l} < mg

so that #7! < 4. It follows that (21) is true. Since ¢ is decreasing in 3 and increasing
in 7, (22) is true by Lemma 1. ¢

Lemma 10 If
max {9, (2771, 0',7") 217} < min {9, (2571, 6,9") 25} (23)
then
max {1/11 (:Lﬂl—a 6T+1a 7T+1) ) :EI} < min {¢2 (1';, ﬂT—H: ’YT—H) ) ZE;} (24)
V1 >t
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Proof: (23) implies #/! < 4. The proof strategy is to show that if (23) holds
then

max {¢; (21,07, ") 2t} <max {y, (277, 69") 217} (25)

We will then claim that, by an analogous argument, one can show that if (23) holds
then

min {4 (274, 8, 7) , 2471} < min {45y (0, 9°0,740) 2k} (26)

Lemma 10 follows by induction.

i) Suppose ¢} < ¢! and thus ¢1 < ¢t < 27! Partition the possible values for x
into [¢1, Hl) U [¢7", 247"] where, from Lemma 9, we know that ¢{™" < ¢}.2!

i-a) Suppose z} € [ L gt 1} First note that ¢/ < ! implies /™ < ¢t <
zt. Therefore, max {th 2t} = zf. Given that ] < 2" (as case (i)
assumes ¢; < 2}71), we can conclude from 2} < z'~! that

(a:t1 ) max {th x’i} < max {w’i, x’i’l} (: mtfl) .

[ t1+17mzifl} )

This proves (25) for when ¢} < 2/ and =t €

i-b) Now suppose z! € [wl, t“) We then have 2} < gzﬁtJrl < it We want
to prove that ¥ < 2!, Suppose not so that !™! < '™, Since, by
the definition of 1{™, any location over (:El,’(/JH_l} yields weakly higher
proﬁt than z! and it is postulated that z‘™! (a:l, t“} , it follows that
m (2] ,ﬁt+1,7t“) >y (28, 87, 41+1) . We also know that 7y (2771, 8,+%) <
m (:El, By ) . We then have

T (mia ﬁta F)/t)_ﬂ-l (mi_lv ﬁtv F)/t) >02=> ™1 (:Etla ﬂtJrla ’Yt—i_l) —m (xtl_la ﬁt+17 7t+1)
(27)

or, equivalently,

! t ot mtlfl t+1 41
_/ wdxzoz—/ om (2570 oy, (28)
ot ox xt Ox

1 1

Next note that

827'('1

0x0p3

=(1-2p) g (z) <0, —(1=2p)g'(1—2)>0. (29

Since B! > B! and 4! < 4 from Lemma 9, it follows from (29) that

8771 (maﬁtavt) 87T1 (mvﬂt+17’yt+1)
>
ox Oz

2If ¢ttt < 9l then case (i-b) disappears.

(30)
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and therefore

s ¢ 2t t+1 41
/ Om (@0.57) 4 / ULARL A PR
ot ox xt O

1 1

which contradicts (28). This shows our supposition of z{™! < ¢t+1 to be
false and thus it < 2!, This implies

(Wi =) max {2t} < max {y}, 217"} (=27).
This proves (25) for when = € [¢], ¢{*").

ii) Suppose zt7! < ¢. Hence, 2i7! < ¢} < 4. This implies /! < x!. From Lemma
9, ¢ < ¢!. Partition the possible values of % into??

[, 61) U [er™ ) U (1, 41]

ii-a) Suppose z! € [¢],¢]]. Since ¢{"" < ¢} then ¢} < z!{ implies ¢{"" < af.
It follows that @bt;“l < @it We then have ¢! < ¢l < ¢l < 2t < ¢l
Hence, max {¢{™", 2t} < max {¢},2{7"'}.

ii-b) Suppose 2! € [¢{"", ¢]) . As then th P <2l < ¢t <yt it follows
that max {¢t+1 :171} < max {¢1, } .

ii-c) Suppose 2t € [:Eﬁ L tf“l) We then have 2} < ¢! < ¢! We want to
prove max {th a:l} < max {wl, 1} where, in this case, the lhs is ¢!
and the rhs is ). It is then sufﬁc1ent to show i < ¢, Since zt < ¢}
and 2} < ¢t+1 ¢t+1 the strict concavity of the profit function implies

that if
(47 8 > (8, 47,2 )
then it < ¢!, First note that
1 (mia 6]:’ F)/t) > (mtl_la ﬂta ’Yt) =T (¢i: 62 F)/t) (33)

where the last is an equality because ¢} € (0, 1) .2* Next note that 2} < ¢!.
Observe that

T (mt17 5t+17 7t+1) —m (wt17 5t+17 7t+1) (34)
> M (:Etlaﬁtafyt) — T (Q/Jtlaﬂtvfyt) A

_/“’5 om (&, 81 _/1"i om (z,',7")
xt Oz 2t Ox

1 1

dr &

221f d)tﬂ < 217! then case (ii-a) disappears.
2If bt = 1 then 9} < 4! and we’re done.
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/wi [3771 (z, 87" ! (2,07, ™) dz > 0.
it or ox

This last inequality is true because the integrand is positive for all = since:
i) 1 > B" and 9%, /0208 < 0; and ii) v < 4! and 0?7, /0xdy > 0. Tt
follows from (34) being true and that the rhs is non-negative that:

w1 (21, 87 ) > (v, B ) (35)
Next note that?

m1 (2, B A <y (w8 A (36)
It follows from (35)-(36) that (32) is true. We conclude ¢!™' < ¢! and

thus max {@Dﬁ“,m } < max {¢1, } .

We have shown max {wtﬂ m’i} < max {wtl, mtl_l} . By an analogous argument, one
can show min {4, z5 '} < min {5, 24} . It immediately follows that if max {1}, 2} '} <
min {@Dg, 1} then max {Q/JtJrl :171} < min {1/1”1 :Eg} The proof of Lemma 10 is
completed by induction. ¢

Using Lemmas 9-10, we can complete the proof of Theorem 4 by induction. With
Lemma 10, we can conclude from Lemma 9 that if max {@bﬁ, :ctfl} < min {@Dg, m’;’l}
then

(B A = (B +pla—=F7),(1—p)7")Vr > t.
We claim that this implies 57 = (1 — p)T_t B+ [1 —(1- p)T—t} aandy” = (1 — p)T—t A
Suppose it is true for 7. It follows from Lemma 9 that
s S L <a _BT'> (37)
= {a-p e i-a-p" )
+p {Oz —(1=p) "B - [1 (1~ p)T'*t} a}
= A= 1= 1= )"

T—t ¢

which establishes the dynamic on 8. Now suppose 77 = (1 — p)" "~ :

T =0=p)y " =0 =p) A=) ] == (38)

which establishes the dynamic on 7”. W

Proof of Theorem 5: To prove this theorem, it needs to be shown that for finite
T >t, (z], 28, 37, 4T+1) € Q; with positive probability and (z1, 2%, 87, 7T+1) €

247f 4t € (0,1) then this is an equality and if 1»{™" = 1 then it is, generically, a strict inequality.
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Q9 with positive probability. It is shown in the proof of Theorem 6 that, in ﬁnite time
with positive probability, if #/! < x4~! then the state lies in €, and if 25 < /™
then the state lies in €. It then just needs to be shown that if 2! < azg_ then the
state can end up in , and if 251 < 247" then the state can end up in €2;.

By assumption, min {wg, x’;’l} < max {wﬁ, 1} Choose e > 0 such that 1) if
y4 € (min {4, 25} min {9}, 25 '} + €) then zf = y4; 2) if yi € (max {¢], 2} 1} —
e, max {¢},z]"'}) then z} = yi; and 3) y4 < yi. It follows that, with positive proba—
bility, 2, < x% and, therefore, in finite time with positive probability the state lies in
Q. A similar argument can be used to show that if z5 ' < /7! then the state is in
21 in finite time with positive probability. B

Proof of Theorem 6: If the state is in €21 U {25 then we know by Theorem 4
that lim_ (8,7") € {(a,0),(0,1 — a)}. Let us then consider when the state lies in
Q=[0,1]— (2, UQy)—{(z1,22) : #1 = 25} . The method of proof is to show 3 finite 7
and e* € (0,1) such that for all (29,29, 8',4') € Q, (2] ', 25 ", ﬁT*,fyT*) € U,
with probability exceeding £*. Therefore, the probability that the state is in €2 U €2y
in period kT* exceeds 1 — (1 — &*)* and this goes to one as kT* — co.

Assume wlog that 2f < z9. Recall the following definitions: ¢ = ¢ (a,0) and

¢ = ¢(0,1—a); and that 9 < . Given :Etl) < 29, if there are no new ideas over

periods 1,...,7 then 2! < 2% and 2% < 247 'vt € {1,...,7} from which it follows
that

(<)o <l '<---<prand gy <--- < ' < ¢ (<)
and lim; o ¢] = ¢ and lim, .o ¢3 = ¢. Since ¢ < ¢, it follows that 3 finite 7" (which
is the same V (ﬁo, 70)) such that if there are no new ideas over periods 1,...,7T" then
9 < gbff, < ¢2T' < ¢. This event occurs with probability (1 — w)ZTI > 0.2 Next note
that (29 =) 27 < 2" (= 29).

There are four cases to con81der i) gbl < ZEl = :E2 = < ¢2 J i) 27t < ¢T ,¢2

-1, T T'—1
vy Yl 2] < gl Tt < ¢y and iv) ¢f <l ¢) <al’.

i) Suppose ¢! < 2T (<) 2zl 7' < ¢L". The state lies in Q; and we're done.

ii) Suppose 271 < ¢7" < ¢ < 27’1, Choose ¢ € (o, min {¢{” — . F— ¢§’}) .

. ,_ ’ ' ’_
There are four sub-cases to consider: a) 7 ! < ¢ — e ¢f +e <zl 1 b)

1 T T T’ -1 T'—1 T -1 T T
E[gbl —5,gb1>,¢2 +e<xy ;0)my < ¢] —€,15 €(¢2,¢2 +5];
T'—1 ' T -1 T T
and d) z; €[¢1 —5;¢1>a$2 €<¢2;¢2 +5]-

ii-a) Suppose z7' ™t < ¢F — g, ¢l + & < 2" Smce 't s bounded be-

low (blT/, it follows that wlT, is bounded above ¢, Since gbl is bounded

25Tf w = 1 then proofs could be adapted to assume that no acceptable ideas are received for T”
periods.
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below ¢.  then min{ 5 (gzﬁf, + (b?)} is bounded above ¢!. With
probability bounded above zero, store 1 gets a new idea in period 7" for
which ¢! < 37" < min {1#?,.5 <¢f, —i—gzﬁzT/)} and hence ¢! < 2T <
min {w{,7 D ((b{, + ¢§’) } . By the same argument, with probability bounded
above zero, max{ s (gbf/ + ¢2T,)} < 21" < ¢L'. We then have ¢ <
xf’ < :Eg’/ < gbgﬂ. Finally, since 27 1 < :Eg’/ and 2771 < :Eg' then
T+1 < gbl and ¢2 < ¢T 1 We conclude: ng < :ElT < :Eg’ < ¢T *1in
Whlch case the state is in {2; in finite time with positive probability.
ii-b) Suppose ZE{,_l € [gbfl[’/ — ¢, gbfl[’/) ,qzﬁgl—l—e < :E2T,_1. With probability bounded

above zero, firm 2 gets a new idea for which yd" € <max{ ;[”, T} , g’,>

so that 3’ <a:1 o ) . 3 finite t° such that, if there are no new ideas

for firm 1 over periods T",...,T" + t°, then gsz HO o T (: mlT/’1> .
(Note that #° is finite because ¢! — e < 27 ! and thus 7"~ is bounded
above ¢). If there are also no new ideas for store 2 over 7" +1,...,T" + t0

then (1'2 =) zl -1 ol < ol " We then have

T 440 /40 /40 /440
1+ <x'{'+t 1<m%—'+t 1<¢2+'

Thus, starting from period 1, the state is in €; in period T" + t° with
positive probability.

ii-c) Suppose :Eflp/_l < qzﬁipl — g, :E2Tl_1 € [Qﬁgl, gbg’I + 5} . The proof is analogous
to that in (ii-b). One can show 3 finite t° such that with probability
bounded above zero,

¢1/+t00 < mcqu_too_l < xgw/+t00_1 < ¢2’+t00‘

Thus, starting from period 1, the state is in €, in period T" 4 t°° with
positive probability.

ii-d) Suppose 27 ! € [qﬁl — e, ¢ ) I'te ( ol 4 5] . By the definition

of t° and t%°, we know that if there are no new ideas for both stores over

periods 17, ..., T" + t', where t' = max {t°,t°°} | then

T/ 4t/ Tt 1 T4/ —1 "4t
1< < T <y T

T/

iii) Suppose 2] ! < gzbf,,mg,’l < gzbg’,. We know that 27~ < 2I'~! and (élT/ < (sz/.

. ’_ ’ ,_ /

There are two sub-cases to consider: a) z1 ' < ¢l < zI'™' < ¢I"; and b)
T'-1 T'—1 T T
Ty <ap <@ <oy
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iti-a) Suppose 27 ! < ¢T" < :E2,_1 < ol 1t there are no new ideas in 7" then

either: i) ¢! ! < 27" < 21’ < quT Hoorii) 2T’ < oI < 27" < oI I (1)
then we're done. If (ii) then use the arguments in (ii-b)-(ii-c) to show that 3
finite t° such that with probability bounded above zero, C1F'+t0 < g7+
Keeping firm 2’s practices fixed during that time, we end up with:

/to 1 40 _ 7 40 __ /tO
¢1+ <x'{'+t 1<$%—'+t 1<¢2+'

iii-b) Suppose 27 ! < 27! < ¢T" < ¢L". The probability that yI" € (5 <¢1 + ¢y ) Tl)
is bounded above zero. With positive probability, firm 1 does not get
an idea. Suppose both of those events happen. We either have: i)
T < 2T < 2l < o' or i) 2T < o' < 2l < ol If (4)
then we’re done. If (ii) then use the arguments in (ii-b)-(ii—) to show that
3 finite t° such that with probability bounded above zero:

/ 0 ! 0__ / 0_ / 0
¢1 +t <:L,31T+t 1<xf111+t 1<¢§+t‘

iv) Suppose ¢! < 2T, ¢L" < 2. The proof is analogous to (iii).

By the preceding steps, we conclude that there is finite time (bounded from above)
and positive probability (bounded above zero) such that the state is in . All
this is shown for 2§ < zJ. If instead 29 < 2 then an analogous set of arguments
apply to show that there is finite time (bounded from above) and positive probability
(bounded above zero) such that the state is in 2y. It follows that, almost surely,

(xtfl? ‘T?lu ﬁta 'Yt) e Uy ast— ool

Proof of Theorem 7: When the state is such that firms have identical qualities,
the model with quality behaves identically to the model without quality (as the models
are identical). The idea is to suppose that qualities are identical for a sufficiently long
period of time (which we can by A4-A5) so that, with probability bounded above
zero, the distance in firms’ ideal locations, |gz§t1 — @], is sufficiently close to ‘5 —¢ ‘ .
Then, with positive probability, one can get each firm’s location sufficiently Close to
its ideal location so that |max{wl,mt 1} min {wj, ’ }‘ is close to ‘gzﬁl ‘ (for

some i) and, therefore, ‘max {wl,xt 1} min {wj, T }| is close to ‘(b gzﬁ‘ Since

‘gb ¢| > Z, we can do this so that |max{¢l, = 1} min {@D], T }‘ > Z. At that
point, the distance in firms’ locations exceeds Z so that the quality differential does
not affect the consumer dynamics. From this point onward, the dynamics are exactly
as specified in the model without quality where we showed that it converges to one
firm having all type 0 consumers and the other firm having all type 1 consumers.
From the proof of Theorem 5, we showed 3 finite 7* and * € (0, 1) such that for all
(29,29, 8",9Y) € Q, (z] 123 1 87, 9T") € Q1 U, with probability exceeding &*.
Though derived for the model without quality, it applies to the model with qualities
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as long as stores have the same quality. Thus, suppose the quality differential is the
same over periods t — 1,...,t 4+ T™:

ATl = = T T 2,
Let x (7) be a lower bound on the probability that firms have identical qualities over T
periods. We know that, for each 7, 3k (1) bounded above zero by A4-A5. The above
event occurs with probability of at least x (7™ + 1) . We can then conclude that from
any arbitrary state in period ¢,

t+T* -1  t4+T*—1 ot+T* | t+T*
(ml ) 7ﬂ ) Y )EQIUQ2

and 20T 71— AT — 0 with probability exceeding s (T* 4 1) *

If qualities remain the same for the remainder of the horizon then, by Theorem
6, it follows that

TthO (¢151+T*+r7 ¢§+T*+r) c {(@ 5) ’ (57 Q)} ‘
Wilog, suppose lim, ( e ;+T*+r)

for when the other case occurs.) Define § = gb ¢ — Z. By assumption, 6 > 0. There
then exists finite T such that

§+T*+r g€ (07 é) and ¢ — ¢t+T*+T (0’ §> Vr>T

5) (The entire proof can be redone

4 4

as long as qualities remain identical. Qualities remain identical over periods ¢,...,t+
T* + T with probability of at least x(71") where 7" = T* + T. Therefore, with
probability of at least x (7" 4 1) €*, we have:

t+1" 0 T 0
T ¢€( Z) and ¢ — @5 € <Z)‘

Choose n € (O, %) . There are four cases to consider:

i) max{ Tt T 71} < ot i) max{ T 4T 71} > ot
. /_ / . r_
and rmn{ LT T 1} S ¢t+T —n | and mm{ T T 1} S ¢t+T .

. ! /_
iv) max { T T 1} > T 4

: T T 1 t+T"
and mln{ P < ¢,

e / li
iii) max { T T T

; T T -1 t+T"
and mln{ 5, Ty < ¢}

i) Suppose
T - T T - T
max{ Gt 1}<¢+ +n and mm{ bt 1}>q§+
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It follows:
min { e :EQJFT/’I} — max { T :EtﬁT/*l} (39)

> ¢t+T t+T > ¢t+T 151+T’ _

N O

— 0 o o
> <¢_Z—Q—Z>—§ p—p—6=2
Since 41" < max{ b a:’i*Tl*l} and mln{ LHT b+ T ’1} < 28Tt fol-
lows from (39) that Z < 257 ~! — 27" Since 271 < max{ T mzi—‘rT’—l}
and min { DR bt T _1} < 287" it follows from (39) that Z < 24t — 2+ 1,

T t+T

Hence, regardless of the realizations of <zt+ , type 0 (1) customers who

are loyal in the current period to firm 1 (2) Wlll remain so and type 0 (1) cus-
tomers who are loyal in the current period to firm 2 (1) but buy from firm 1
(2) will switch their loyalty to firm 1 (2). The equation of motion is then

<Bt+T’+177t+T’+1> _ (ﬁ”T +p <a ﬁt+T> (1—p) 7t+T’> _

From the proof of Theorem 4, we know that when this is the equation of motion
then max { /{7, 247"} < max {947, 24 | and min {o5*T, 2571} <

min { Lrr :Eg*T,} . Using the induction argument from the proof of Theorem
6, lim, oo (3477,4747) € {(,0), (0,1 - @)}
ii) Suppose

T T -1 T T T -1 T
max{ o bt }>¢1+ +n and mm{ L akt }>q§

Recall that max t+T’, 2HT 1Y < min t+T’, 2571 3¢ > (0, n) such that
1 1 2 2 n
if 7" € < BTt T +§> then 27 = y*T". Since 7 is bounded above

zero then we can choose £ so that the event yHT € <¢t+T HT 5) has
probability bounded above zero. Suppose qualities remain identlcal. Since
2T < $§+T and mt+T < 2571 then T+ < 1T Since T <

!
2T then max { LHTTHL gt T } = 2T from which we conclude

T 1 4T (T 41 4T’
max{ P gt }<¢+ <ol

T —

Finally, suppose firm 2 does not get a new idea, so that CL'?_TI ! Hence,

- T +1 /
bR n<m1n{ LETY b+ T 1}<mm{¢Jr +,m§+T}.
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We are now in case (i) so we’re done.

iii) Suppose max {wHT ,mﬁ*Tl*l} < ngT +n and min {wHT , T HT *1} < (bHT/
The proof is exactly as in case (ii) except that the roles of firms 1 and 2 are
reversed.

iv) Suppose max {thrT it _1} > #7419 and min {thrT LT g T
The proof involves using the method deployed for firm 1 in case (ii) on both
firms 1 and 2. W

Proof of Theorem 8: We will show that 3 finite T; and ¢; > 0 such that, for
all s*, st7Ti € T; with probability of at least ¢;,i € {1,2,3,4}. Hence, the probability
that the state is in I'; within k7; periods is at least 1 — (1 — si)k. It follows that,
almost surely, the state is in I'; in finite time. There are two cases to consider: i)
‘x’i’l 1‘ > 7; and ii ‘mt ! —x§’1| <Z.

t—1 t—1

m§*1| >
¢ — ¢. Given Fl and I'y are identical except for a change in the numbering of
firms and I'; and 'y are identical except for a change in the numbering of firms
then it is wlog that we assume 2" < 257!, (i-a) shows that the state is in I'; in
finite time with positive probablhty. (i-b) shows it is in I'3 and T'y. (i-c) shows

it is in I's.

i) Suppose ‘ZE 1‘ > Z. Since, by assumption, Z > ¢ — ¢ then ‘x

i-a) Since 25! — 2!t > Z > 27* — 2!"! then type 1 consumers prefer firm 2

and type 0 consumers prefer firm 1. If the quality differential and firms’
locations are unchanged over periods ¢t — 1,...,t + 7’ (here we are using
w < 1 and A5), consumer dynamics are given by

(BT AT = (87T +p(a—B7T),(1—p)¥'"7), 7 €{0,1,...,7'}.

Note that these dynamics converge to («,0). Next note that convergence
is slowest for when ' = 0 and 7' = 1 — a. However, even for that case,
3 finite T such that 87 > 2 and 77 < 152, Thus, regardless of the
initial state, 3 finite 7" such that with probability of at least (1 — w)2T
the state in period t 4+ T lies in I';.

i-b) Recall that ¢},¢5 € (¢, ). Since 24" — i >z > ¢ — ¢ then I €
(O, E(ﬁ9>> such that z{™! < ¢ —n and/or ¢ +n < bt We will first

Y

show that 0 < 2% — 2! < Z with probability bounded above zero and then
argue that, in finite time with positive probability bounded above zero,
the state is in I'; for ¢ = 3,4. There are three generic sub-cases to consider:
1) a2 <¢-— nandmt*1<$+n; 2) a7 < ¢ — nand ¢ +n < 5! and
3) ¢ —n<azi " and o+n<at .

34



i-b-1) Suppose 7% < ¢—mn and rh !t < ¢+n. As it follows that 2i ! < ¢!
then 2! =y} iff y} € (27", ¢) . Given that (¢ —n,¢) C (i7", ¢}), if
yi € (¢ —n,¢) then z} = yi. This occurs with probability w [F (¢) — F (¢ — n)]
which is bounded above zero. We need to consider two sub-cases.
In sub-case 17, 75! < ¢. With probability w [F (¢3) — F (Q)} Y€
(¢, ¢%) and therefore 24 = y4. In sub-case 2’, ¢ < 24" and, with prob-
ability 1 —w, 24 = 25", In both cases, we have ¢ —n < z} < ¢ < 2} <
¢+ n. Hence, 2t — 2t < — ¢ +2n <=z

i-b-2) Suppose zi! < ¢ —n and ¢ +1n < z5'. By the argument in
(i-b-1), ¢ — n < af < ¢. Using this same argument for firm 2, we
have z§ € (¢, ¢+1n). Hence, ¢ —n < 2} < 25 < ¢+ n and thus
0<azb—at <z

i-b-3) Suppose ¢ —n < 271 and ¢ +n < 25!, We then just need to
reverse the roles in (i-b-1) to get ¢ — n < 2! < ¢ < x4 < ¢ + 1 and
thus 0 < zf — 2} < Z. Bl

We conclude that, with probability bounded above zero, 0 < 2 — 2! < Z

and therefore with positive probability (by A4), 2t — 25 > zf — 2! so
that all consumer types prefer firm 1. As long as firms’ locations and
qualities remain fixed then (ﬁt”,fyt”) is converging to (a,1— a).
Thus, in finite time with positive probability, the state lies in I's.
With positive probability, 2! — 24 < 2! — 2 < 0 so that all consumer
types prefer firm 2. As long as firms’ locations and qualities remain
fixed then (ﬁt”, ’yt”) is converging to (0, 0) . Thus, in finite time with
positive probability, the state lies in I'4.

i-c) Continue with the construction in (i-b) in which case z} < zf, 2t — 2t < Z,
and |z} — xb| < |2t — z%|. This implies that both consumer types prefer
the same firm. If firms’ locations and qualities do not change then a fir-
m’s mix of loyal customers is converging to either (o,1 — a) or (0,0). It
follows that a firm’s mix of customers who visit it each period is con-
verging to either (1 —p)a of type 0 customers and (1 —p) (1 —a) of
type 1 customers or pa of type 0 customers and p (1 — «) of type 1 cus-

tomers. Therefore, ( ’iJrTJrT, §+T+T) is converging to (gb, qb) , where ¢ =

¢(a,1 —a)=¢(0,0), as 7 — oco. Hence, 3 finite 7" such that either: i-c-
1) §+T’7 z;+T’ < gt Tl < g T =L o 9) g1 o ¢§+T’7 §+T’ < T
or i-¢-3) zt T < g < T T Note that we use the fact that
we can make ¢t and @5 as close as we like since they are both
converging on the same value. For each of these cases, we want to prove
that 3 finite 7 such that 257 ™™ < 2!*7"*" with probability bounded above
zero. From that point, we’ll argue that the state will get into I's.

. ! ! r__ !’ .
i-c-1) Suppose ¢/t @t < 2T < 81 Assume firm 1 receives no
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!
new idea and firm 2 receives a new idea with y”T S (bHT it

We then have, with probability bounded above zero, =" < :Eﬁ+T .

i-c-2) Suppose m”T < T T < 25T'1 By choosing T” so that

t+T and g5 are sufﬁ01ent1y Close it follows from xt+T < ngT , HT’ <
t+T -1 that QZJH_T ¢t+T . We then have CL'H_T -1 < ¢t+T < QZJH_T
and wHT < ¢t+T < a:éJrT ~!. Let firm 1 receive a new idea of yt+T €

t+7" 4T t+1" t+1" t+T’
< 1 € 1/1 Y .

5 ) and firm 2 receives a new idea of y;

Thus, with probability bounded above zero, 4" < zt+7".
i-c-3) Suppose 25T < 28T < T GET . Assume firm 2 receives

_ !
no new idea and firm 1 receives a new idea yt+T € xt+T L §+T> )

t+1" t—i—T'

With probability bounded above zero, x5 < x7

We have then shown that 3 finite 7" such that 25" < 24*7" with prob-
ability bounded above zero. Now suppose that qualities are identical,
zfrT’ zéJrT’ = 0; which occurs with positive probability by A4. If
firms’ locations and qualities remain unchanged then, in finite time

with probability bounded above zero, the state lies in I's.

In sum, if |a:’i — b 1‘ > 7 and 207! < 247! then 3 finite 7; and &; > 0 such that,
regardless of the state in period ¢, the state is in I'; in period t + T; with probability
of at least ¢;.

ii) Suppose |2{™" — z4'| < z. With positive probability, z{—z§ > |z} — 24| so that all
consumer types prefer firm 1. As long as firms’ locations and qualities remain
fixed then (ﬁt”,fyt”) is converging to (a,1 — ). Thus, in finite time with
positive probability, the state lies in I's. With positive probability, z5 — 2t >
|zt — 24| Aslong as firms’ locations and qualities remain fixed then (37, ~*7)
is converging to (0,0). Thus, in finite time with positive probability, the state
lies in I'y. Once in either '3 or 'y, the argument in (i-c) can be used to get to
either I'; or I's in finite time with positive probability. B

36



References

1]

[10]

[11]

[12]

[13]

Alés-Ferrer, Carlos, Ana B. Ania, and Klaus Reiner Schenk-Hoppé, “An Evo-
lutionary Model of Bertrand Oligopoly,” Games and Economic Behavior, 33
(2000), 1-19.

Bagwell, Kyle, Garey Ramey, and Daniel F. Spulber, “Dynamic Retail Price and
Investment Competition,” RAND Journal of Economics, 28 (1997), 207-227.

Bergemann, Dirk and Juuso Viliméki, “Market Diffusion with Two-Sided Learn-
ing,” RAND Journal of Economics, 28 (1997), 773-795.

Budd, Christopher, Christopher Harris, and John Vickers, “A Model of the Evo-
lution of Duopoly: Does the Asymmetry between Firms Tend to Increase or
Decrease?,” Review of Economic Studies, 60 (1993), 543-573.

Burdett, Kenneth and Melvyn G. Coles, “Steady State Price Distributions in a
Noisy Search Equilibrium, Journal of Economic Theory, 72 (1997), 1-32.

Cabral, Luis and Michael Riordan, “The Learning Curve, Market Dominance,
and Predatory Pricing,” FEconometrica, 62 (1994), 1115-1140.

Farrell, Joseph and Garth Saloner, “Installed Base: Compatibility, Innovation,
Product Procurement, and Predation,” American Economic Review, 76 (1986),
940-955.

Fudenberg, Drew and David K. Levine, The Theory of Learning in Games, Cam-
bridge: The MIT Press, 1998.

Gale, Douglas and Robert W. Rosenthal, “Experimentation, Imitation, and Sto-
chastic Stability,” Journal of Economic Theory, 84 (1999), 1-40.

Hehenkamp, Burkhard, C.-Z. Qin, and Charles Stuart, “Economic Natural Se-
lection in Bertrand and Cournot Settings,” Journal of Evolutionary Economics,
9 (1999), 211-224.

Hehenkamp, Burkhard, “Sluggish Consumers: An Evolutionary Solution to the
Bertrand Paradox,” photocopy, 2000 (Games and Economic Behavior, forthcom-

ing).

Kandori, Michihiro, George Mailath, and Rafael Rob, “Learning, Mutation, and
Long-Run Equilibria in Games,” Econometrica, 61 (1993), 29-56.

Katz, Michael L. and Carl Shapiro, “Network Externalities, Competition, and
Compatibility,” American Economic Review, 75 (1985), 424-440.

37



[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

Pakes, Ariel, “A Framework for Applied Dynamic Analysis in 1.0.,” NBER
Working Paper 8024, December 2000.

Rhode, Paul and Mark Stegeman, “Non-Nash Equilibria of Darwinian Dynamics
with Applications to Duopoly,” International Journal of Industrial Organization,
19 (2001), 415-453.

Rubinstein, Ariel, Modeling Bounded Rationality, Cambridge: MIT Press, 1998.

Simon, Herbert A., Models of Bounded Rationality: Behavioral Economics and
Business Organization, Volume 2, Cambridge: MIT Press (1982).

Vega-Redondo, Fernando, “The Evolution of Walrasian Behavior,” Economet-
rica, 65 (1997), 375-384.

Vickers, John, “The Evolution of Market Structure When There is a Sequence
of Innovations,” Journal of Industrial Economics, 35 (1986), 1-13.

Weisbuch, Gérard, Alan Kirman, and Dorothea Herreiner, “Market Organisation
and Trading Relationships,” FEconomic Journal, 110 (2000), 411-436.

Young, H. Peyton, “The Evolution of Conventions,” FEconometrica, 61 (1993),
D7-84.

38



Figure 1

7 (X, W(0), w(1))

i

Figure 2




Figure 3: « = 0.6, v = 0.7
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Figure 5: Impactof p (o =.6; w =.7)
frequency of firm 1's dominance

frequency
1000

800 -

600

400 +

200

‘ ‘ B'/a
9 1 Y-
1

o

Figure 6: Impactof w (@ =.6;p =.2)
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