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Devwudfw

Frqvlghu d vhwwlqj lq zklfk ?upv udqgrpo| glvfryhu qhz lghdv wkdw d>hfw
wkhlu surgxfwv ru vhuylfhv dqg lpsohphqw rqo| wkrvh lghdv wkdw lqfuhdvh fxuuhqw
sur?w1 Dw wkh vdph wlph wkdw ?upv duh dgdswlqj wkhlu r>hulqjv/ frqvxphuv duh
vhdufklqj dprqj ?upv iru wkh ehvw pdwfk1 Lw lv vkrzq wkdw lpsolflw lq wkhvh
gxdo g|qdplfv lv dq lqfuhdvlqj uhwxuqv phfkdqlvp zklfk fdq uhvxow lq rqh ?up
grplqdwlqj wkh pdunhw lq wkh orqj uxq1 Wkh frqglwlrqv xqghu zklfk wkhuh lv
vxvwdlqhg pdunhw grplqdqfh duh fkdudfwhul}hg1

úWkh frpphqwv ri Ure D{whoo/ Mlpp| Fkdq/ Ohrqdug Fkhqj/ Vljdo Ohyldwdq/ dqg vhplqdu sduwlf0
lsdqwv dw wkh Xqlyhuvlw| ri Krxvwrq/ Mrkqv Krsnlqv Xqlyhuvlw|/ Xqlyhuvlw| ri Krqj Nrqj/ dqg Krqj
Nrqj Xqlyhuvlw| ri Vflhqfh dqg Whfkqrorj| dqg frqihuhqfh sduwlflsdqwv dw wkh 5334 Qruwk Dphulfdq
Vxpphu Hfrqrphwulf Vrflhw| Phhwlqjv duh judwhixoo| dfnqrzohgjhg1 Wklv uhvhdufk lv vxssruwhg e|
wkh Qdwlrqdo Vflhqfh Irxqgdwlrq wkurxjk Judqw VHV033:;:851

4



4 Lqwurgxfwlrq
Frqvlghu wkh iroorzlqj vfhqdulrv1

î Vwruhv lq d jhrjudsklf pdunhw frpshwh e| dgrswlqj qhz sudfwlfhv1 Xsrq glv0
fryhu|/ d vwruh pdqdjhu h{shulphqwv zlwk d qhz sudfwlfh vr dv wr dvvhvv lwv
sur?wdelolw|1 D qhz sudfwlfh zklfk udlvhv sur?w lv uhwdlqhg dqg rwkhuzlvh lv glv0
fdughg1 Dw wkh vdph wlph wkdw vwruhv duh dgdswlqj wkhlu sudfwlfhv/ frqvxphuv
duh vhdufklqj dprqj vwruhv wr ?qg wkh rqh zkrvh sudfwlfhv ehvw frqirup zlwk
wkhlu suhihuhqfhv1

î Ilupv frpshwh e| prgli|lqj wkhlu surgxfwv1 Eudqg pdqdjhuv glvfryhu qhz
surgxfw dwwulexwhv zklfk wkh| dgrsw dqg vhoo lq whvw pdunhwv1 Wkrvh prgl?fd0
wlrqv wkdw lqfuhdvh sur?w duh uhwdlqhg dqg uroohg rxw iru wkh jhqhudo pdunhw dqg
wkh xqsur?wdeoh rqhv duh glvfdughg1 Dw wkh vdph wlph wkdw ?upv duh prgli|lqj
wkhlu surgxfwv/ frqvxphuv duh wu|lqj gl>huhqw surgxfwv wr ?qg wkh ehvw pdwfk1

î Lqwhuqhw vlwhv frpshwh e| xsjudglqj wkhlu vlwh1 Wkurxjk rqolqh vxuyh|v dqg
wkh wudfnlqj ri folfnvwuhdp ehkdylru ri wkrvh zkr ylvlw wkhlu vlwh/ dq rqolqh
frpsdq| ohduqv derxw wkh suhihuhqfhv ri ylvlwruv1 Edvhg rq wkh lqirupdwlrq
wkh|*yh froohfwhg/ d vlwh hydoxdwhv qhz lghdv dqg lpsohphqwv wkrvh wkdw udlvh
sur?w +ru uhgxfh orvvhv,1 Dw wkh vdph wlph wkdw vlwhv duh dgdswlqj wkhlu vhuylfhv/
frqvxphuv duh vxu?qj dprqj vlwhv wr ?qg wkh rqh wkh| olnh ehvw1

Zkdw duh wkh lpsolfdwlrqv ri wkhvh gxdo g|qdplfv 0 ?upv dgdswlqj wkhlu r>hulqjv
dqg frqvxphuv vruwlqj wkhpvhoyhv dprqj ?upv 0 iru pdunhw grplqdqfhB Li rqh ?up
lqlwldoo| kdv d ehwwhu vwruh ru surgxfw ru Lqwhuqhw vlwh dqg wkhuhe| dwwudfwv d eljjhu
vkduh ri wkh pdunhw/ grhv lw kdyh d kljkhu olnholkrrg ri ehlqj grplqdqw lq wkh ixwxuhB
Li pdunhw grplqdqfh lv dfklhyhg/ krz hdvlo| lv lw vxvwdlqhgB Krz grhv wkh udwh ri
frqvxphu h{shulphqwdwlrq d>hfw wkh shuvlvwhqfh ri pdunhw grplqdqfhB

Lq dgguhvvlqj wkhvh txhvwlrqv/ wklv sdshu pdnhv wzr frqwulexwlrqv1 Iluvw/ lw lghq0
wl?hv d qhz vrxufh ri lqfuhdvlqj uhwxuqv suhglfdwhg rq wkh surshuw| wkdw d ?up*v ehvw
vrxufh ri lqirupdwlrq derxw wkh ydoxh ri d qhz lghd lv lwv fxuuhqw fxvwrphu edvh1
Wkh uljkw fxvwrphu pl{ ohdgv d ?up wr dgrsw wkh uljkw nlqg ri lghdv zklfk lqgxfhv
frqvxphu vruwlqj wkdw jhqhudwhv dq hyhq ehwwhu fxvwrphu pl{ ohdglqj wkh ?up wr
dgrsw hyhq ehwwhu lghdv1 Zkloh wklv ihhgedfn v|vwhp lv edvhg xsrq d ?up*v fxvwrphu
pl{/ dv rssrvhg wr pdunhw vkduh dv lq prvw rwkhu lqfuhdvlqj uhwxuqv phfkdqlvpv/
wklv zloo xowlpdwho| ohdg wr grplqdqfh dv phdvxuhg e| pdunhw vkduh1 Wkh vhfrqg
frqwulexwlrq lv h{sorulqj zkhq wklv lqfuhdvlqj uhwxuqv phfkdqlvp jhqhudwhv vxvwdlqhg
pdunhw grplqdqfh 0 rqh ?up shuvlvwhqwo| kdylqj d kljkhu pdunhw vkduh1 Dqdo|vlv
lv shuiruphg rq wzr prghov1 Lq wkh ?uvw prgho/ ?upv* r>hulqjv duh gl>huhqwldwhg
krul}rqwdoo| dqg lqqrydwlrq wdnhv wkh irup ri d qhz vhw ri dwwulexwhv lq wklv vsdfh1
Zh vkrz wkdw/ uhjdugohvv ri wkh udwh ri frqvxphu h{shulphqwdwlrq/ vxvwdlqhg pdunhw
grplqdqfh rffxuv zlwk suredelolw| rqh1 Wkh prgho lv wkhq dgdswhg wr dovr doorz wkh
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txdolw| ri ?upv* r>hulqjv wr gl>hu dqg eh vwrfkdvwlf1 Li wkh pd{lpxp txdolw| gl>hu0
hqwldo lv vx!flhqwo| orz/ wkh ?uvw uhvxow shuvlvwv dqg vxvwdlqhg pdunhw grplqdqfh lv
lqhylwdeoh1 Li lw lv vx!flhqwo| kljk wkhq vxvwdlqhg pdunhw grplqdqfh grhv qrw rffxu
vr wkdw wkh lghqwlw| ri wkh pdunhw ohdghu qhyhu jhwv orfnhg lq1

Wkhuh lv d zhoo0ghyhorshg olwhudwxuh lghqwli|lqj dqg h{sorulqj ydulrxv ihhgedfn
phfkdqlvpv wkdw jhqhudwh lqfuhdvlqj uhwxuqv1 Ohduqlqj0e|0grlqj fdq fuhdwh lqfuhdvlqj
uhwxuqv ehfdxvh kljkhu fxpxodwlyh surgxfwlrq uhvxowv lq orzhu pdujlqdo frvw zklfk
pd| lqgxfh wkh ?up wr sulfh orzhu dqg wkhuhe| kdyh kljkhu rxwsxw1 Wkdw kljkhu
rxwsxw ixuwkhu lqfuhdvhv lwv dgydqwdjh lq whupv ri fxpxodwlyh surgxfwlrq dqg wkxv
orzhuv pdujlqdo frvw hyhq ixuwkhu1 Fdeudo dqg Ulrugdq +4<<7, fkdudfwhul}h frqglwlrqv
zkhuhe| ohduqlqj0e|0grlqj grhv uhvxow lq lqfuhdvlqj pdunhw grplqdqfh1 Dqrwkhu zhoo0
nqrzq vrxufh ri lqfuhdvlqj uhwxuqv lv qhwzrun h{whuqdolwlhv1 Qhwzrun h{whuqdolwlhv
duh suhvhqw zkhq wkh ydoxh ri d surgxfw ru vhuylfh wr d frqvxphu lv lqfuhdvlqj lq
krz pdq| rwkhu frqvxphuv xvh lw1 D ?up wkdw lqlwldoo| kdv d kljk vkduh ri xvhuv
zloo r>hu d pruh dsshdolqj surgxfw dqg wkhuhe| whqg wr kdyh dq hyhq kljkhu vkduh
ri xvhuv lq wkh ixwxuh +vhh/ iru h{dpsoh/ Ndw} dqg Vkdslur/ 4<;8/ dqg Iduuhoo dqg
Vdorqhu/ 4<;9,1 D wklug vrxufh ri lqfuhdvlqj uhwxuqv lv h{soruhg e| Edjzhoo/ Udph|
dqg Vsxoehu +4<<:,1 Prwlydwhg e| uhwdlo fkdlqv/ wkh| frqvlghu d vhwwlqj lq zklfk
d ?up zlwk kljkhu vdohv kdv d juhdwhu lqfhqwlyh wr lqyhvw lq uhgxflqj pdujlqdo frvw
zklfk ohdgv lw wr vhw d orzhu sulfh> wkhuhe| jhqhudwlqj |hw kljkhu vdohv dqg d |hw
juhdwhu lqfhqwlyh wr hqjdjh lq frvw0uhgxflqj lqyhvwphqw1 D forvho| uhodwhg olwhudwxuh
h{soruhv wkh h{whqw wr zklfk d frvw ru ghpdqg ohdghu lqyhvwv pruh djjuhvvlyho| lq
lqqrydwlrq vr dv wr pdlqwdlq wkdw ohdghuvkls1 Ylfnhuv +4<;9, h{soruhg wkh h{whqw wr
zklfk d ?up zlwk dq h{lvwlqj frvw dgydqwdjh lv lqfolqhg wr vshqg pruh wkdq rwkhu
?upv iru wkh qh{w lqqrydwlrq dqg wkhuhe| hqkdqfh lwv frvw dgydqwdjh1 Wkh fxuuhqw
pdunhw ohdghu pdlqwdlqhg lwv dgydqwdjh ghshqglqj rq wkh irup ri frpshwlwlrq lq
wkh surgxfw pdunhw1 Lq d pruh jhqhudo vhwwlqj/ Exgg/ Kduulv/ dqg Ylfnhuv +4<<6,
fkdudfwhul}hg frqglwlrqv xqghu zklfk d ohdghu zrxog whqg wr lqfuhdvh lwv dgydqwdjh1

5 Prgho
Wkhuh duh wzr ?upv= ?up � dqg ?up 2é Dw dq| srlqw lq wlph/ d ?up kdv d orfdwlrq
lq dfc �o zklfk uhsuhvhqwv lwv sudfwlfhv1 Ohw %|ð ghqrwh wkh sudfwlfhv ru orfdwlrq ri ?up
ð lq shulrg |é Wlph lv glvfuhwh dqg xqerxqghg vr wkdw | ' �c 2c é é é Lqlwldo orfdwlrqv
duh dvvxphg wr eh gl>huhqw= %f� 9' %f2é4 Wkhuh lv d frqwlqxxp ri frqvxphuv zkr kdyh
suhihuhqfhv ryhu sudfwlfhv dqg d frqvxphu lv gh?qhg e| klv lghdo vhw ri sudfwlfhv1 Iru
vlpsolflw|/ wkhuh duh rqo| wzr w|shv ri frqvxphuv1 D w|sh 3 frqvxphu*v lghdo orfdwlrq
lv 3 dqg d w|sh 4 frqvxphu*v lghdo orfdwlrq lv 41 D iudfwlrq k 5 EéDc �ä ri frqvxphuv
duh w|sh 31 Wkh w|sh 3 frqvxphu vkrxog eh wkrxjkw ri dv wkh w|slfdo frqvxphu lq
wklv pdunhw dqg w|sh 4 frqvxphuv dv uhsuhvhqwlqj pruh ri d qlfkh vxe0pdunhw1

4Uhvxowv fdq eh h{whqghg wr zkhq {34 @ {
3
5 wkrxjk lw zrxog lqyroyh dgglwlrqdo whglrxv vwhsv1
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Dw dq| srlqw lq wlph/ d frqvxphu lv 3or|do4 wr rqh ri wkh wzr ?upv1 Wklv phdqv
wkdw kh ex|v zlwk suredelolw| � ý 4 iurp wkh ?up wr zklfk kh lv or|do dqg ex|v
iurp wkh rwkhu ?up zlwk suredelolw| 4 5 Efc �*2ä é Rqh fdq wklqn ri 4 dv wkh udwh ri
frqvxphu vhdufk exw dovr dv ehlqj gulyhq e| h{rjhqrxv irufhv glvwxuelqj d frqvxphu*v
vwdqgdug ehkdylru> iru h{dpsoh/ d frqvxphu pljkw kdsshq wr eh qhdu klv ohvv idyruhg
vwruh rq d sduwlfxodu gd| dqg ex|v iurp lw15

Wkh sur?w wr d ?up zlwk sudfwlfhv % jhqhudwhg e| d w|sh & fxvwrphu lv vshfl?hg
wr eh } Em& ý %mä zklfk lv dvvxphg wr eh d ghfuhdvlqj frqfdyh ixqfwlrq ri m& ý %m é
D4 } G dfc �o$ -n lv wzlfh frqwlqxrxvo| gl>huhqwldeoh1

D5 }â Efä ' fc }â E_ä ÷ f;_ 5 Efc �o c dqg }ââ E_ä ÷ f;_ 5 dfc �o é

Ohw Z E%cç Efä c ç E�ää ghqrwh wkh sur?w wr d ?up zkhq lwv sudfwlfhv duh % dqg lw
kdv d pdvv ç Efä ri or|do w|sh 3 fxvwrphuv dqg d pdvv ç E�ä ri or|do w|sh 4 fxvwrphuv1

Z E%cç Efä c ç E�ää ' dE�ý 4äç Efä n 4 Eký ç Efääo } E%ä +4,

n dE�ý 4äç E�ä n 4 E�ý ký ç E�ääo } E�ý %ä é
Lq h{sodlqlqj wkh sur?w ixqfwlrq/ d ?up zlwk ç Efä or|do w|sh 3 fxvwrphuv ?qgv d
iudfwlrq � ý 4 ri wkhp ex|lqj iurp lw lq wkh fxuuhqw shulrg dqg d iudfwlrq 4 ri wkh
k ý ç Efä w|sh 3 frqvxphuv zkr duh or|do wr wkh rwkhu ?up1 Wkh wrwdo pdvv ri w|sh
3 frqvxphuv ylvlwlqj wklv ?up lv wkhq dE�ý 4äç Efä n 4 Eký ç Efääo dqg iurp hdfk ri
wkhp wkh ?up hduqv sur?w ri } E%ä é

Lq Ohppd 4/ è Eç Efä c ç E�ää lv gh?qhg wr eh wkh orfdwlrq wkdw pd{lpl}hv fxuuhqw
sur?w jlyhq d ?up*v or|do fxvwrphu edvh lv Eç Efä c ç E�ää1 Lw vkrzv wkdw wkh rswlpdo
?up orfdwlrq lv zhoo0gh?qhg dqg lv ghfuhdvlqj lq wkh pdvv ri w|sh 3 or|do fxvwrphuv
dqg lqfuhdvlqj lq wkh pdvv ri w|sh 4 or|do fxvwrphuv1 Surriv duh lq wkh Dsshqgl{1

Ohppd 4 <è G dfc koû dfc �ý ko$ dfc �o vxfk wkdw

è Eç Efä c ç E�ää 5 @h}4@ Z E%c ç Efä c ç E�ää é +5,

è lv xqltxh/ Yè
YçEfä

÷ fc dqg Yè
YçE�ä

: fé

Gh?qh è ì è Ekc fä dqg è ì è Efc �ý kä dv wkh rswlpdo orfdwlrq zkhq d ?up*v
or|do fxvwrphuv duh doo ri wkh w|sh 3 frqvxphuv dqg doo ri wkh w|sh 4 frqvxphuv/
uhvshfwlyho|1 E| Ohppd 4/ lw iroorzv wkdw è Eç Efä c ç E�ää 5 ûèc èú; Eç Efä c ç E�ää é

Qrwdwlrqdoo|/ lw*oo eh hdvlhu wr zrun zlwk wkh iroorzlqj ghvfulswlrq ri wkh vwdwh1 Ohw
q| dqg ò| ghqrwh wkh pdvv ri w|sh 3 frqvxphuv dqg w|sh 4 frqvxphuv/ uhvshfwlyho|/
wkdw duh or|do wr ?up 41 Ilup 4*v sur?w lq shulrg | lv wkhq

Z�
ý
%|�c q

|c ò|
ü
'
û
E�ý 4ä q| n 4 ýký q|üú } ý%|�ünûE�ý 4ä ò| n 4 ý�ý ký ò|üú } ý�ý %|�ü c

+6,

5Uhvxowv duh urexvw wr doorzlqj ã wr ydu| ryhu wlph/ hlwkhu ghwhuplqlvwlfdoo| ru vwrfkdvwlfdoo|1
Zkdw lv lpsruwdqw/ krzhyhu/ lv wkdw ã lv erxqghg deryh }hur zklfk vhhpv txlwh uhdvrqdeoh1
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dqg iru ?up 5 lv

Z2
ý
%|2c q

|c ò|
ü
'
û
E�ý 4ä ýký q|ün 4q|ú } ý%|2ünûE�ý 4ä ý�ý ký ò|ün 4ò|ú } ý�ý %|2ü é

+7,
Gh?qh è�

ý
q|c ò|

ü ì è ýq|c ò|ü dqg è2 ýq|c ò|ü ì è ýký q|c �ý ký ò|ü é
Ilup ð hqwhuv shulrg | zlwk sudfwlfhv %|3�ð é Wkh glvfryhu| ri dowhuqdwlyh orfdwlrqv

lv suhvxphg wr eh dq dfw ri fuhdwlylw|1 Frqwudu| wr wkh xvxdo dvvxpswlrq wkdw wkh
vsdfh ri orfdwlrqv lv nqrzq/ zh dvvxph wkdw lw lv xqnqrzq dqg lqqrydwlrq lqyroyhv
lghqwli|lqj srlqwv lq wkdw vsdfh1 Pruh vshfl?fdoo|/ lq hdfk shulrg/ d ?up frphv xs
zlwk d qhz vhw ri sudfwlfhv zlwk suredelolw| / 5 Efc �ä é6 Iru shulrg |/ wkhvh qhz
sudfwlfhv duh ghqrwhg +|ð dqg duh gudzq iurp dfc �o dffruglqj wr wkh fgi 8é

D6 8 G dfc �o$ dfc �o lv frqwlqxrxv dqg vwulfwo| lqfuhdvlqj1

D ?up ghflghv hlwkhu wr glvfdug wkh lghd/ lq zklfk fdvh %|ð ' %
|3�
ð c ru wr dgrsw lw/

lq zklfk fdvh %|ð ' +|ð é Wklv ghflvlrq lv edvhg xsrq zkhwkhu lwv dgrswlrq zrxog udlvh
fxuuhqw sur?w> wkdw lv/ p|rslf kloo0folpelqj1 Jlyhq d qhz lghd ri +|ð c wkh g|qdplf rq
?up sudfwlfhv lv wkhq=

%|ð '

ã
%|3�ð li Zð

ý
%|3�ð c q|c ò|

ü è Zð ý+|ð c q|c ò|ü
+|ð li Zð

ý
%|3�ð c q|c ò|

ü
÷ Zð

ý
+|ð c q

|c ò|
ü +8,

Wkh lghd ehklqg wklv uxoh lv wkdw d ?up dgrswv dq lghd edvhg rq lqirupdwlrq derxw
lwv dsshdo wr wkrvh frqvxphuv zkr kdyh uhfhqwo| erxjkw iurp lw1 Uhwxuqlqj wr rxu
prwlydwlqj h{dpsohv lq wkh Lqwurgxfwlrq/ wkh lqwhusuhwdwlrq lv dv iroorzv1 Rqh frxog
lpdjlqh d vwruh ru eudqg pdqdjhu lpsohphqwlqj d qhz lghd iru d shulrg ri h{shul0
phqwdwlrq zklfk vhuyhv wr uhyhdo lwv sur?wdelolw|1 Zkdw lv lpsolflwo| dvvxphg lv wkdw
wkh ohqjwk ri wkh shulrg ri h{shulphqwdwlrq lv vpdoo vr wkdw lw fdq eh ljqruhg17 Iru
wkh fdvh ri dq Lqwhuqhw vlwh/ rqh fdq suhvxph lw kdv dffxpxodwhg lqirupdwlrq derxw
zkr kdv uhfhqwo| ylvlwhg lwv vlwh dqg wklv lqirupdwlrq lv xvhg wr mxgjh wkh ydoxh ri
dq lghd1 Dw wkh khduw ri doo ri wkhvh h{dpsohv lv wkdw wkrvh frqvxphuv zkr ex| ru
ylvlw d ?up duh wkh ehvw +dqg shukdsv rqo|, vrxufh ri lqirupdwlrq derxw zkdw duh
zruwkzkloh lghdv1 Wklv surylghv wkh fulwlfdo olqn ehwzhhq d ?up*v fxvwrphu edvh dqg
wkh vhw ri qhz lghdv wkdw lw zrxog dgrsw18

Lw lv vwudljkwiruzdug wr fkdudfwhul}h wkh vhw ri dffhswdeoh lghdv1 Jlyhq d fxuuhqw
orfdwlrq % dqg or|do fxvwrphuv Eç Efä c ç E�ää c lw iroorzv iurp wkh vwulfw frqfdylw| ri
Z wkdw wkhuh lv d frqqhfwhg vhw ri orfdwlrqv zklfk |lhog dw ohdvw dv kljk d ohyho ri
sur?w dv lv dfklhyhg zlwk %1 Rqh h{wuhph srlqw ri wklv vhw lv %1 Wkh rwkhu h{wuhph

6Dvvxplqj $ ? 4 vlpsolhv vrph vwhsv lq wkh surriv1 Doo uhvxowv jr wkurxjk li $ @ 4=
7Wklv w|sh ri g|qdplf lv dovr xvhg lq Jdoh dqg Urvhqwkdo +4<<<, zkhuh wkh| surylgh wkh vdph

lqwhusuhwdwlrq iru zkdw wkh| uhihu wr dv yluwxdo h{shulphqwdwlrq1
8Wkrxjk ?upv duh qrw shuplwwhg wr uhfdoo suhylrxvo| glvfryhuhg lghdv/ li phpru| lv erxqghg/ vr

d ?up frxog rqo| uhwdlq vrph pd{lpdo qxpehu ri lghdv/ zh gr qrw wklqn wkdw lw zrxog d>hfw rxu
pdlq uhvxowv1
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srlqw/ ghqrwhg ú E%cç Efä c ç E�ää c lv gh?qhg e| Z Eú E%c ç Efä c ç E�ää c ç Efä c ç E�ää '
Z E%c ç Efä c ç E�ää +vhh Iljxuh 4,19 Gh?qh ú� E%c qc òä ì ú E%c qc òä dqg ú2 E%c qc òä ì
ú E%c ký qc �ý ký òä é Wkh vhw ri dffhswdeoh lghdv lq shulrg |/ dqg dovr wkh vhw ri
srvvleoh ydoxhv iru %|ðc lv wkhqû

4ð?
õ
úð
ý
%|3�ð c q|c ò|

ü
c %|3�ð

ô
c4@ 

õ
úð
ý
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Qh{w frqvlghu wkh htxdwlrq ri prwlrq rq d ?up*v or|do fxvwrphuv1 D frqvxphu
zkr lv or|do wr ?up ð lq shulrg | dqg ex|v iurp ?up ð lq shulrg | lv dvvxphg wr
pdlqwdlq klv or|dow| lqwr shulrg | n �é D w|sh & frqvxphu zkr lv or|do wr ?up ð lq
shulrg | dqg ex|v iurp vwruh æ lq shulrg | pdlqwdlqv klv or|dow| lqwr shulrg | n � l>ññ%|3�ð ý &ññ é ññ%|æ ý &ññ dqg lv or|do wr ?up æ rwkhuzlvh1 Wkh lghd lv wkdw d frqvxphu*v
or|dow| lv edvhg rq krz forvh d ?up*v sudfwlfhv duh wr klv lghdo sudfwlfhv1 Li d frqvxphu
or|do wr ?up ð erxjkw iurp lw lq shulrg | ý � exw h{shulphqwhg zlwk wkh rwkhu ?up
lq shulrg | wkhq wkh frqvxphu lv dvvxphg wr pdnh wklv mxgjhphqw e| frpsdulqj klv
prvw uhfhqw h{shulhqfhv1 Wr hqvxuh wkdw wklv lv wkh suhfhglqj shulrg iru d frqvxphu*v
idyruhg ?up/ lw lv dvvxphg wkdw li d frqvxphu h{shulphqwhg lq shulrg | exw glg qrw
fkdqjh klv or|dow| wkhq kh grhv qrw h{shulphqw lq shulrg |é D frqvxphu*v lqirupdwlrq
lv wkhq qr pruh wkdq rqh shulrg rog1 Wkh uhvxowlqj htxdwlrqv ri prwlrq rq or|do
fxvwrphuv duh=:

q|n� '

;AA?AA=
q| n 4

ý
ký q|ü li %|3�� ÷ %|2 dqg %
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;AA?AA=
ò| n 4 E�ý ký ò|ä li %|2 ÷ %

|3�
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E�ý 4ä ò| n 4 E�ý ký ò|ä li %|3�� ÷ %|2 dqg %
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+:,

Iru h{dpsoh/ li %|2 ÷ %|3�� wkhq w|sh 3 fxvwrphuv zkr duh or|do wr ?up 4 dqg ex|
iurp ?up 5 vzlwfk or|dow| wr ?up 51 Wkxv/ ?up 4 rqo| uhwdlqv � ý 4 ri lwv q| w|sh
3 frqvxphuv zkr zhuh or|do wr lw lq wkh suhylrxv shulrg1 Li/ lq dgglwlrq/ %|� ÷ %

|3�
2

wkhq w|sh 3 fxvwrphuv zkr duh or|do wr ?up 5 dqg ex| iurp ?up 4 zloo vzlwfk or|dow|
wr ?up 41 Wkhuh duh 4

ý
ký q|ü vxfk frqvxphuv1 Dv d uhvxow/ zkhq %|2 ÷ %|3�� dqg

%|� ÷ %
|3�
2 c ?up 4*v vhw ri w|sh 3 or|do fxvwrphuv lv E�ý 4äq| n 4 ýký q|ü é Ilqdoo|/

dvvxph lqwhulru ydoxhv iru wkh lqlwldo pl{ ri frqvxphuv= q� 5 Efc kä c ò� 5 Efc �ý kä é;
9Zkhq C{3 5 ^3> 4` vxfk wkdw ä +{3> z +3, > z +4,, @ ä +{>z +3, > z +4,, wkhq # @ 3 li ! ? { dqg

# @ 4 li ! A {=
:Qrwh wkdw wkh htxdwlrqv ri prwlrq duh rqo| gh?qhg iru zkhq orfdwlrqv duh gl>huhqw1 Wkhvh frxog

hdvlo| eh h{whqghg wr lqfoxgh lghqwlfdo orfdwlrqv wkrxjk lw*oo suryh luuhohydqw vlqfh li {34 9@ {35 wkhq
{w4 9@ {w5;w zlwk suredelolw| rqh1

;Uhvxowv duh urexvw wr wklv dvvxpswlrq wkrxjk dphqglqj wkh surriv zrxog lqyroyh kdqgolqj
dgglwlrqdo fdvhv1

9



Ohw xv r>hu d ihz frpphqwv rq wkhvh ehkdylrudo dvvxpswlrqv1 Dvvxplqj ?upv
dgrsw qhz sudfwlfhv rq wkh edvlv ri fxuuhqw sur?w lv prvw dssursuldwh iru hqylurqphqwv
lq zklfk ?upv kdyh olwwoh lqirupdwlrq derxw krz frqvxphuv ehkdyh dqg wkh glvwulex0
wlrq ri frqvxphu w|shv1 Lq wkdw fdvh/ ?up ehkdylru lv olnho| wr eh h{shulhqwldoo|0edvhg
0 wkh| dgrsw sudfwlfhv wkdw h{shulhqfh +ru h{shulphqwdwlrq, whoov wkhp duh jrrg rqhv1<

Wklv lv wr eh frqwudvwhg zlwk dq htxloleulxp dssurdfk lq zklfk ?upv kdyh dq dffxudwh
prgho ri wkh pdunhw edvhg rq wkhlu eholhiv ryhu wkh glvwulexwlrq ri frqvxphu w|shv
dqg krz frqvxphuv uhvsrqg wr sudfwlfhv1 Wkh dvvxpswlrqv wkdw frqvxphuv edvh wkhlu
or|dow| rq wkhlu prvw uhfhqw h{shulhqfhv dqg h{shulphqw dw dq h{rjhqrxv udwh vhhp
txlwh uhdvrqdeoh1 Kdylqj ehkdylru eh iruzdug0orrnlqj zrxog uhtxluh frqvxphuv wr
irupxodwh d prgho ri krz ?upv dgmxvw wkhlu sudfwlfhv ryhu wlph dv zhoo dv krz rwkhu
frqvxphuv duh ghwhuplqlqj wkhlu or|dow|1 Dv wkh ghyhorsphqw ri vxfk d prgho lv olnho|
wr eh txlwh frvwo|/ lw lv dujxdeo| uhdvrqdeoh iru frqvxphuv wr xvh wkh w|sh ri khxulvwlfv
vshfl?hg khuh143

Wkhvh gxdo g|qdplfv fuhdwh d ihhgedfn v|vwhp gh?qhg rq wkh vwdwh yduldeohvý
%|3�� c %|3�2 c q|c ò|

ü
1 Wkh g|qdplf rq ?up sudfwlfhv lq +8, ghshqgv rq wkh fxuuhqw

doorfdwlrq ri fxvwrphu or|dow| dfurvv ?upv1 Wkh doorfdwlrq ri fxvwrphu or|dow|/ dv
vshfl?hg lq +9,0+:,/ ghshqgv rq vwruhv* sudfwlfhv1 Wr ghulyh vrph lqlwldo lqvljkw lqwr
zk| lqfuhdvlqj uhwxuqv pd| hphujh iurp wklv ihhgedfn v|vwhp/ ohw Mð

ýü ññ%|3�ð c q|c ò|
ü

ghqrwh wkh fgi rq %|ðé Mð
ýü ññ%|3�ð c q|c ò|

ü
ghshqgv rq wkh suredelolw| ri d ?up uhfhlylqj d

qhz lghd/ /c wkh suredelolw| glvwulexwlrq ryhu qhz lghdv/ 8 / dqg wkh uxoh iru dgmxvwlqj
vwruh sudfwlfhv/ +8,1 Lq Ohppd 5/ g :� u phdqv wkdw fgi g vwrfkdvwlfdoo| grplqdwhv
fgi u lq wkh ?uvw0ghjuhh1

Ohppd 5 Li hq è q dqg hò é ò wkhq M�
ýü ññ%|3�� c qc ò

ü
:� M�

í
ü
ñññ%|3�� c hqc hòì dqg

M2
í
ü
ñññ%|3�2 c hqc hòì :� M2 ýü ññ%|3�2 c qc ò

ü
é

Ohppd 5 vd|v wkdw li ?up 4*v shulrg | vkduh ri w|sh 3 frqvxphuv lv lqfuhdvhg
dqg2ru lwv vkduh ri w|sh 4 frqvxphuv lv ghfuhdvhg/ pruh suredelolw| lv dvvljqhg wr
orzhu ydoxhv iru %|� dqg wr kljkhu ydoxhv iru %

|
2é Khqfh/ wkh suredelolw| wkdw %

|
� ÷ %

|3�
2 c

vr wkdw w|sh 3 frqvxphuv vzlwfk or|dow| iurp ?up 5 wr ?up 4/ lqfuhdvhv dqg wkh
suredelolw| wkdw %|3�� ÷ %|2c vr wkdw w|sh 3 frqvxphuv zkr duh or|do wr ?up 4 pdlqwdlq

<Wkh ehkdylrudo dvvxpswlrq lv wkdw ?upv/ dv zhoo dv frqvxphuv/ duh surfhgxudoo| udwlrqdo lq wkh
vhqvh wkdw wkh| gr qrw dqwlflsdwh wkh ehkdylru ri rwkhu djhqwv exw udwkhu vlpso| dvvrfldwh sduwlfxodu
frqvhtxhqfhv zlwk sduwlfxodu dfwlrqv dqg fkrrvh wkh dfwlrq |lhoglqj wkh ehvw frqvhtxhqfh1 Ghyhorshg
e| Vlprq +4<;5,/ surfhgxudo udwlrqdolw| kdv uhfhqwo| ehhq h{soruhg lq Uxelqvwhlq +4<<;,1

43Lw lv zruwk qrwlqj wkdw wkh udqgrp hohphqw lq wkh prgho duh ?upv* sudfwlfhv udwkhu wkdq frq0
vxphuv* or|dow| ghflvlrqv1 Wklv fkrlfh lv prwlydwhg e| rxu vhqvh wkdw zkloh wkhuh pd| eh vrph
udqgrpqhvv lq dq lqglylgxdo frqvxphu*v or|dow| ghflvlrq wkdw wkh odz ri odujh qxpehuv zrxog whqg
wr rshudwh dw wkh ohyho ri wkh ?up srsxodwlrqv1 Wkdw lv/ lw lv xqolnho| wkdw d ?up zrxog h{shulhqfh
d vxevwdqwlyh fkdqjh lq lwv fxvwrphu edvh gxh wr udqgrp dfwlrqv e| frqvxphuv1 Lq frqwudvw/ zh
eholhyh wkdw lqqrydwlrq lv kljko| vwrfkdvwlf> wkhuh lv d idlu dprxqw ri udqgrpqhvv dvvrfldwhg zlwk
frplqj xs zlwk qhz lghdv1

:



wkhlu or|dow|/ lqfuhdvhv1 Dv d orzhu orfdwlrq pdnhv d ?up pruh dwwudfwlyh wr w|sh
3 frqvxphuv dqg ohvv dwwudfwlyh wr w|sh 4 frqvxphuv/ q|n� zloo whqg wr eh kljkhu
dqg ò|n� orzhu zkhq

ý
q|c ò|

ü
'
íhqc hòì wkdq zkhq

ý
q|c ò|

ü
'
ý
qc ò

ü
é Lq wklv zd|/ d

fxvwrphu pl{ eldvhg wrzdug w|sh 3 frqvxphuv lqgxfhv d ?up wr dgrsw lghdv pruh
vxlwdeoh iru w|sh 3 frqvxphuv zklfk whqgv wr fdxvh wkh fxvwrphu pl{ wr ehfrph pruh
eldvhg wr w|sh 3 frqvxphuv dqg wkhuhe| ixuwkhu lqgxfhv wkh dgrswlrq ri vxfk lghdv1
Ohppd 5 dovr lpsolhv wkdw wkh suredelolw| wkdw %|� ÷ %

|
2c vr wkdw ?up 4*v qhz orfdwlrq

lv pruh ghvludeoh wr w|sh 3 frqvxphuv wkdq ?up 5*v qhz orfdwlrq/ lv kljkhu xqghuíhqc hòì wkdq
ý
qc ò

ü
é44 Wr zkdw h{whqw grhv wklv ihhgedfn fuhdwh lqfuhdvlqj uhwxuqv

dqg jhqhudwh vxvwdlqhg pdunhw grplqdqfhB Jlyhq wkdw ?upv duh dozd|v uhfhlylqj
qhz lghdv/ fdq d vx!flhqwo| kljk udwh ri frqvxphu h{shulphqwdwlrq hqvxuh wkdw wkh
fxuuhqw pdunhw ohdghu zloo qrw ehfrph hqwuhqfkhgB Wkhvh duh vrph ri wkh txhvwlrqv
wkdw zloo eh dgguhvvhg lq wkh uhpdlqghu ri wkh sdshu1

Zkloh wklv sduwlfxodu ihhgedfn v|vwhp ehwzhhq ?upv dqg frqvxphuv lv qhz/ suh0
ylrxv zrun kdv prghoohg wkh g|qdplfdo pryhphqw ri ex|huv dprqj vhoohuv1 Lq Ehujh0
pdqq dqg Yçolpçnl +4<<:,/ d qhz ?up*v surgxfw lv ri xqnqrzq txdolw| dqg erwk
ex|huv dqg vhoohuv uhfhlyhv vljqdov/ wkh lqirupdwlyhqhvv ri zklfk lv lqfuhdvlqj lq wkh
qxpehu ri xqlwv vrog ri wkh surgxfw1 Wkrxjk d yhu| gl>huhqw vhwwlqj/ wkhuh lv d vlp0
lodulw| dv ex|huv pryh dprqj vhoohuv dv wkh| ohduq derxw wkh qhz vhoohu*v txdolw|1 Lq
wkh vhdufk prgho ri Exughww dqg Frohv +4<<:,/ frqvxphuv nqrz wkh sulfh glvwulexwlrq
lq wkh pdunhw exw qrw wkh sulfh wkdw hdfk ?up fkdujhv1 Frqvxphuv hqwhu wkh pdunhw
dqg hqjdjh lq frvwo| sulfh vhdufk +surgxfwv duh krprjhqhrxv,1 Lq hdfk shulrg/ d ?up
kdv d vwrfn ri uhjxodu fxvwrphuv zkr duh gh?qhg wr eh wkrvh wkdw erxjkw iurp lw odvw
shulrg1 D uhjxodu fxvwrphu dyrlgv lqfxuulqj d vhdufk frvw zkloh wr ex| iurp dq| rwkhu
?up uhtxluhv lqfxuulqj d vhdufk frvw1 Wklv jlyhv d ?up vrph pdunhw srzhu ryhu lwv
uhjxodu fxvwrphuv dqg fdxvhv lw wr sulfh kljkhu zkhq lwv vwrfn ri uhjxodu fxvwrphuv lv
odujhu uhodwlyh wr wkh  rz ri qrq0uhjxodu vhdufklqj fxvwrphuv zkr ylvlw lw1 D kljkhu
sulfh jhqhudwhv pruh sur?w iurp lwv uhjxodu fxvwrphuv exw uhvxowv lq wkh ?up ehlqj
ohvv vxffhvvixo lq lqgxflqj vhdufklqj frqvxphuv wr ehfrph uhjxodu rqhv1 Wkhuh lv wkhq
d ihhgedfn phfkdqlvp suhvhqw dv d ?up*v vwrfn ri uhjxodu fxvwrphuv lq xhqfhv lwv
sulfh zklfk ghwhuplqhv qh{w shulrg*v vwrfn ri uhjxodu fxvwrphuv1 Qrwh wkh vlplodulw|
zlwk rxu prgho zkhuh d ?up*v vwrfn ri or|do fxvwrphuv lq xhqfhv wkh sudfwlfhv wkdw
d ?up zdqwv wr dgrsw dqg wkrvh sudfwlfhv ghwhuplqh qh{w shulrg*v vwrfn ri or|do fxv0
wrphuv1 Ilqdoo|/ Zhlvexfk/ Nlupdq/ dqg Khuuhlqhu +5333, h{soruh wkh h{whqw wr zklfk
ex|hu dqg vhoohuv irup orqj0odvwlqj uhodwlrqvklsv1 Lq hdfk shulrg/ ex|huv ghflgh zklfk

44Wkh suredelolw| wkdw {w4 ? {
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vhoohu wr ylvlw xvlqj uhlqirufhphqw ohduqlqj> wkh suredelolw| ri ylvlwlqj d vhoohu ghshqgv
rq wkh sdvw sur?w uhdol}hg e| lqwhudfwlqj zlwk wkdw vhoohu1 Sur?w iurp d wudqvdfwlrq
ghshqgv rq zkhwkhu wkh vhoohu kdv wkh vxsso| wr vhoo wr d ex|hu1 Ghshqglqj rq wkh
yduldqw ri wkh prgho/ vhoohuv duh hlwkhu ?{hg lq wkhlu ehkdylru ru fkrrvh wr vxsso| dq
dprxqw htxdo wr wkh suhylrxv shulrg*v ghpdqg1

6 Qdvk Htxloleulxp
Sulru wr dqdo|}lqj wkh g|qdplf prgho ri wkh suhfhglqj vhfwlrq/ lw lv xvhixo wr fkdudf0
whul}h Qdvk htxloleulxp iru wkh frpsohwh lqirupdwlrq jdph dv d ehqfkpdun1 Lpdjlqh
wkdw ?upv duh dzduh ri wkh glvwulexwlrq ri frqvxphuv/ wkh udwh dw zklfk frqvxphuv
ex| iurp wkhp/ dqg nqrz krz wr lpsohphqw hdfk sudfwlfh lq dfc �o é Wkxv/ frqwudu|
wr wkh suhfhglqj prgho/ lw lv dvvxphg wkdw doo wkdw frxog eh nqrzq derxw krz wr vdw0
lvi| frqvxphuv lv nqrzq1 D ?up lv prghoohg dv fkrrvlqj d sudfwlfh wr pd{lpl}h lwv
sur?w jlyhq wkh +fruuhfwo|, dqwlflsdwhg sudfwlfh ri wkh rwkhu ?up dqg wkh +fruuhfwo|,
dqwlflsdwhg vruwlqj e| frqvxphuv1 Ilup ð*v sd|r> lv wkhq45
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E| orfdwlqj wr wkh ohiw +uljkw, ri lwv frpshwlwru/ d ?up lqgxfhv doo w|sh 3 +4, frqvxphuv
wr eh or|do wr lw1 Li lw orfdwhv h{dfwo| dw wkh rwkhu ?up*v orfdwlrq wkhq wkh wzr ?upv
htxdoo| glylgh wkh vhw ri frqvxphuv1

Wkhruhp 6 vkrzv wkdw li wkh sursruwlrq ri w|sh 3 frqvxphuv lv vx!flhqwo| kljk
wkhq dq htxloleulxp h{lvwv1 Ixuwkhupruh/ wkh htxloleulxp lv xqltxh dqg kdv erwk ?upv
ghsor|lqj wkh lghdo sudfwlfh iru w|sh 3 frqvxphuv dqg wkhuhe| vkdulqj wkh pdunhw1

Wkhruhp 6 <k 5 E�*2c �ä vxfk wkdw= l, li k 5 E�*2c kä wkhq d sxuh0vwudwhj| Qdvk
htxloleulxp grhv qrw h{lvw> dqg ll, li k 5 dkc �o wkhq E%�c %2ä ' Efc fä lv wkh xqltxh
sxuh0vwudwhj| Qdvk htxloleulxp1

Iluvw qrwh wkdw li ?upv kdyh gl>huhqw orfdwlrqv/ vd| %� ÷ %2/ vr ?up 4 lv dwwudfwlqj
w|sh 3 frqvxphuv dqg ?up 5 lv dwwudfwlqj w|sh 4 frqvxphuv/ ?up 5 fdq lpsuryh lwv
sur?w e| orfdwlqj mxvw wr wkh ohiw ri %� dqg dwwudfwlqj w|sh 3 frqvxphuv ehfdxvh wkhuh
duh pruh ri wkhp wkdq w|sh 4 frqvxphuv1 Wkh rqo| zd| wkdw fdqqrw kdsshq lv li
%� ' fé Krzhyhu/ li k lv vx!flhqwo| forvh wr 425 wkhq ?up 5 suhihuv wr orfdwh dw è
+wkh rswlpdo orfdwlrq zkhq doo ri lwv or|do fxvwrphuv duh w|sh 4, dqg irfxv rq vhuylqj
w|sh 4 frqvxphuv wkhq wr orfdwh dw 3 dqg vkduh erwk frqvxphu w|shv1 Exw li lw grhv
wkdw wkhq ?up 4 suhihuv wr orfdwh dw è +wkh rswlpdo orfdwlrq zkhq doo ri lwv or|do

45Wr pdnh dq dssursuldwh frpsdulvrq zlwk wkh g|qdplfdo prgho/ ã lv pdlqwdlqhg dqg qrw vhw
htxdo wr }hur1
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fxvwrphuv duh w|sh 3,1 Khqfh/ dq htxloleulxp grhv qrw h{lvw zkhq k lv orz1 Zkhq k
lv vx!flhqwo| kljk wkhq erwk ?upv duh frqwhqw wr orfdwh dw 3 dqg vkduh wkh pdunhw
udwkhu wkdq eh wkh h{foxvlyh suhihuuhg surylghu iru wkh plqrulw| frqvxphu w|sh1

7 Vxvwdlqhg Pdunhw Grplqdqfh
Zh zloo xvh wkh whup 3grplqdqfh4 wr uhihu wr rqh ?up kdylqj pruh wkdq kdoi ri wkh
pdunhw ru/ pruh vshfl?fdoo|/ kdylqj doprvw doo w|sh 3 frqvxphuv dv or|do fxvwrphuv1
Wklv vhfwlrq kdv wkuhh uhvxowv1 Wkhruhp 7 ghulyhv wkh vhw ri vwdwhv iru zklfk d sdu0
wlfxodu ?up grplqdwhv iru vxuh1 Wkhruhp 8 ghulyhv wkh vhw ri vwdwhv iru zklfk hlwkhu
?up kdv d srvlwlyh suredelolw| ri grplqdwlqj1 Ilqdoo|/ Wkhruhp 9 hvwdeolvkhv wkdw
wkh prgho dozd|v jhqhudwhv vxvwdlqhg pdunhw grplqdqfh1

Wkh ?uvw uhvxow fkdudfwhul}hv d vhw ri vwdwhv vxfk wkdw d sduwlfxodu ?up grplqdwhv
lq wkh orqj0uxq iru vxuh1 Dv gh?qhg ehorz/ lð lv wkh vhw ri vwdwhv vxfk wkdw ?upv* vhwv
ri dffhswdeoh lghdv gr qrw lqwhuvhfw dqg ?up ð*v pd{lpdo dffhswdeoh lghd lv ohvv wkdq
?up æ*v plqlpdo dffhswdeoh lghd1 Vhh Iljxuh 5 iru dq h{dpsoh ri d vwdwh lq l�é

l� ì iE%�c %2c qc òä G 4@ iú� E%�c qc òä c %�j ÷ 4ð? iú2 E%2c qc òä c %2jj +;,

l2 ì iE%�c %2c qc òä G 4@ iú2 E%2c qc òä c %2j ÷ 4ð? iú� E%�c qc òä c %�jj é +<,

Wkhruhp 7 vkrzv wkdw li wkh vwdwh lv lq lð wkhq ?up ð grplqdwhv iru vxuh1 Rqfh
lq l� ru l2c wkh g|qdplf sdwk rq pdunhw vkduhv lv ghwhuplqlvwlf zlwk wkh grplqdqw
?up vwhdglo| dwwudfwlqj pruh w|sh 3 frqvxphuv dqg vwhdglo| orvlqj w|sh 4 frqvxphuv1
Krzhyhu/ dv vkrzq lq wkh surri/ wkh sdwk rq ?upv* sudfwlfhv uhpdlqv vwrfkdvwlf dqg/
ixuwkhupruh/ hdfk ?up*v sudfwlfh zloo jhqhudoo| qrw eh prqrwrqlf1 Suredelolvwlfdoo|/
sudfwlfhv frqyhujh wr hlwkhu E%�c %2ä '

ý
èc è

ü
/ li wkh fxuuhqw vwdwh lv lq l�c ru E%�c %2ä 'ý

èc è
ü
/ li wkh fxuuhqw vwdwh lv lq l2é

Wkhruhp 7 Li
ý
%|3�� c %|3�2 c q|c ò|

ü 5 l� wkhq zlwk suredelolw| rqh=

qô ' E�ý 4äô3| q| n û�ý E�ý 4äô3|úk
òô ' E�ý 4äô3| ò| ;ô è | +43,

dqg *ð4ô<" Eqô c òô ä ' Ekc fä é Li
ý
%|3�� c %|3�2 c q|c ò|

ü 5 l2 wkhq zlwk suredelolw| rqh=

qô ' E�ý 4äô3| q|
òô ' E�ý 4äô3| ò| n û�ý E�ý 4äô3|ú E�ý kä ;ô è | +44,

dqg *ð4ô<" Eqô c òô ä ' Efc �ý kä é

Li wkh vwdwh lv lq l� wkhq lw lpsolhv wkdw %|3�� ÷ %|3�2 vr wkdw w|sh 3 frqvxphuv suhihu
?up 4*v sudfwlfhv1 Li wklv rughulqj ri ?upv* orfdwlrqv shuvlvwv wkhq/ gxh wr frqwlqxdo
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frqvxphu h{shulphqwdwlrq/ doo frqvxphuv zloo hyhqwxdoo| ohduq wkdw ?up 4 ehwwhu
phhwv wkh qhhgv ri w|sh 3 frqvxphuv zkloh ?up 5 ehwwhu vhuyhv w|sh 4 frqvxphuv1
Hyhqwxdoo| doo w|sh 3 frqvxphuv zloo eh or|do wr ?up 4 dqg doo w|sh 4 frqvxphuv
zloo eh or|do wr ?up 51 Wkh qh{w lvvxh lv zkdw hqvxuhv wkdw wkh rughulqj ri ?upv*
orfdwlrqv shuvlvwv1 Qrwh wkdw ?up 4 grhv qrw dgrsw dq| lghd lq shulrg | zklfk h{fhhgv
4@ 
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dqg ?up 5 grhv qrw dgrsw dq| lghd zklfk lv ohvv wkdq
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ý
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c %|3��
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ý
%|3�2 c qô c òô

ü
c %|3�2

ô
wkhq %|� ÷ %

|
2 vr wkdw wklv rughulqj lv vxuh wr frqwlqxh lqwr wkh qh{w shulrg1 Wklv lv qrw

vx!flhqw wr hqvxuh wkh uhvxow/ krzhyhu/ ehfdxvh ú�
ý
%|3�� c q|c ò|

ü
lv qrw prqrwrqlfdoo|

ghfuhdvlqj ryhu wlph dqg ú2
ý
%|3�� c q|c ò|

ü
lv qrw prqrwrqlfdoo| lqfuhdvlqj ryhu wlph

dqg/ wkhuhiruh/ ?upv* orfdwlrqv duh qrw prqrwrqlf ryhu wlph hyhq zkhq wkh vwdwh olhv
lq l�1 Krzhyhu/ wkh surri ri Wkhruhp 7 vkrzv wkdw 4@ 

õ
ú�
ý
%|3�� c q|c ò|

ü
c %|3��

ô
lv

prqrwrqlfdoo| ghfuhdvlqj ryhu wlph dqg 4ð?
õ
ú
ý
%|3�2 c qô c òô

ü
c %|3�2

ô
lv prqrwrqlfdoo|

lqfuhdvlqj ryhu wlph1 Wklv lpsolhv %ô� ÷ %
ô
2;ô è | dqg wkhuhiruh ?up 4 zloo hyhqwxdoo|

kdyh doo w|sh 3 frqvxphuv or|do wr lw1
Zkhwkhu wkh pdunhw hqgv xs ehlqj shuvlvwhqwo| grplqdwhg e| rqh ?up wkhq gh0

shqgv rq zkhwkhu wkh vwdwh hyhu hqwhuv lqwr l�^l21 Wkh qh{w uhvxow vkrzv wkdw li wkh
vwdwh lv qrw lq l� ^l2 wkhq zlwk srvlwlyh suredelolw| lw hqgv xs lq l�/ vr wkdw ?up 4
grplqdwhv/ dqg zlwk srvlwlyh suredelolw| lw hqgv xs lq l2c vr wkdw ?up 5 grplqdwhv1

Wkhruhp 8 Li
ý
%|3�� c %|3�2 c q|c ò|

ü
*5 l� ^ l2 wkhq= l, *ð4ô<"

ý
q|nô c ò|nô

ü
' Ekc fä

zlwk srvlwlyh suredelolw|> dqg ll, *ð4ô<"
ý
q|nô c ò|nô

ü
' Efc �ý kä zlwk srvlwlyh sure0

delolw|1

Wkrxjk vxvwdlqhg pdunhw grplqdqfh lv d srvvleoh rxwfrph/ lv lw lqhylwdeohB Wkh0
ruhp 9 vkrzv wkdw/ zlwk suredelolw| rqh/ rqh ?up zloo xowlpdwho| dfklhyh d grplqdqw
srvlwlrq wkdw zloo qhyhu eh uholqtxlvkhg1

Wkhruhp 9 Doprvw vxuho|/ *ð4|<"
ý
q|c ò|

ü 5 iEkc fä c Efc �ý käj é
Lq vxppdul}lqj wkhvh uhvxowv/ ?uvw qrwh wkdw l� dqg l2 duh devruelqj vhwv ri

vwdwhv1 Li wkh vwdwh lv lq lð wkhq lw vwd|v wkhuh dqg/ pruh vshfl?fdoo|/ wkh vwdwh
frqyhujhv wr ?up ð kdylqj doo w|sh 3 frqvxphuv dv or|do fxvwrphuv dqg ?up æ kdylqj
doo w|sh 4 frqvxphuv dv or|do fxvwrphuv1 Wkh orqj0uxq pdunhw vkduh ri ?up ð lv wkhq
E�ý 4äk n 4 E�ý kä é Li wkh vwdwh lv rxwvlgh ri l� ^ l2 wkhq hyhqwxdoo| lw zloo eh lq
l�^l2 dqg/ ixuwkhupruh/ lw fdq eh lq hlwkhu l� ru l2 zlwk srvlwlyh suredelolw|1 Wkxv/
li wkh vwdwh lv qrw lq l� ^ l2 wkhq hlwkhu ?up frxog hqg xs ehlqj grplqdqw146

46Gh?qh e! dv wkh rswlpdo orfdwlrq zkhq d ?up kdv kdoi ri doo w|sh 3 frqvxphuv dqg kdoi ri doo
w|sh 4 frqvxphuv dv or|do fxvwrphuv= e! ì !4 ýò5 > 4ýò5 ü

= Li
ý
{wý44 > {wý45 > ñw> ðw

ü
@
íe!> e!> ò5 > 4ýò5 ì

wkhq
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Lpsolflw lq rxu prgho lv dq lqfuhdvlqj uhwxuqv phfkdqlvp1 D ?up wkdw fxuuhqwo|
kdv d fxvwrphu pl{ eldvhg wrzdug wkh suhydohqw frqvxphu w|sh lq wkh pdunhw zloo
whqg wr lghqwli| dv ydoxdeoh wkrvh lghdv zhoo0vxlwhg wr wkdw w|sh1 Wkhlu dgrswlrq
lpsdfwv ixwxuh or|dow| vzlwfklqj e| frqvxphuv dqg/ lq sduwlfxodu/ jhqhudoo| ohdgv wr
d fxvwrphu pl{ hyhq pruh eldvhg wrzdug wkh suhydohqw w|sh zklfk ohdgv d ?up wr
dgrsw lghdv pruh vxlwdeoh iru wkhp1 Hyhqwxdoo|/ wklv surfhvv uhvxowv lq rqh ri wkh ?upv
fdswxulqj dqg uhwdlqlqj prvw ri wkh pdunhw1 Zkloh wkh prgho lv kljko| vlpsol?hg/
wkh xqghuo|lqj vwru| vhhpv txlwh jhqhudo1 Lw lv suhglfdwhg xsrq wkh lghd wkdw ?upv
duh xqfhuwdlq derxw wkh ydoxh ri d qhz lghd dqg wkdw wkhlu ehvw vrxufh ri lqirupdwlrq
derxw lwv ydoxh duh wkrvh frqvxphuv zkr duh fxuuhqwo| ex|lqj iurp lw1 Wkrxjk wkhuh
duh lqghhg rwkhu vrxufhv ri lqirupdwlrq 0 iru h{dpsoh/ pdunhw vxuyh|v 0 d ?up*v fxuuhqw
fxvwrphuv zloo vwloo eh d sulpdu| vrxufh ri lqirupdwlrq dqg/ dv orqj dv wkdw lv wkh fdvh/
wkh lqfuhdvlqj uhwxuqv phfkdqlvp wkdw kdv ehhq lghqwl?hg zrxog vhhp shuwlqhqw wr
xqghuvwdqglqj pdunhw grplqdqfh1

Qrwh wkdw p|rslf g|qdplfv gr qrw frqyhujh wr d Qdvk htxloleulxp1 Vlqfh *ð4|<"
ý
q|c ò|

ü 5
iEkc fä c Efc �ý käj wkhq/ hyhqwxdoo|/ rqh ?up*v rswlpdo orfdwlrq lv frqyhujlqj wr è dqg
wkh rwkhu*v wr è1 Lq d suredelolvwlf vhqvh/ rqh ?up*v orfdwlrq lv wkhq frqyhujlqj wr è
dqg wkh rwkhu*v wr è1 Vlqfh f ÷ è ÷ è ÷ �/ ?upv* orqj0uxq orfdwlrqv duh lqwhulru1 Lq
frqwudvw/ Qdvk htxloleulxp/ zkhq lw h{lvwv/ kdv erwk ?upv orfdwh dw 31 Lq wkdw fdvh/ qr
vlqjoh ?up grplqdwhv dv wkh wzr ?upv htxdoo| vkduh wkh pdunhw147 Ixuwkhu wkrxjkw
lv uhtxluhg wr ghwhuplqh zk| frqyhujhqfh wr Qdvk htxloleulxp grhv qrw rffxu1

Wkhuh lv d ydvw olwhudwxuh h{sorulqj g|qdplfv lq jdphv edvhg rq p|rslf ru lp0
lwdwlyh ehkdylru1 Lq eulh | uhylhzlqj wklv zrun/ lw lv lpsruwdqw wr uhphpehu wkdw
p|rsld fdq frph lq pdq|  dyruv1 Ixghqehuj dqg Ohylqh +4<<;, uhylhz d zlgh fodvv
ri p|rslf g|qdplfv iru zklfk qrq0Qdvk rxwfrphv duh w|slfdoo| xqvwdeoh148 Wkh zrun
ri Ndqgrul/ Pdlodwk/ dqg Ure +4<<6, dqg \rxqj +4<<6, irxqg frqyhujhqfh wr Qdvk
htxloleulxp vr wkh irfxv ri wkhlu vwxglhv zdv htxloleulxp vhohfwlrq1 Wkh jhqhudo whq0
ghqf| ri p|rslf g|qdplfv lv wr frqyhujh wr d Qdvk htxloleulxp1 Uhylhzlqj vrph zrun
edvhg rq lplwdwlyh g|qdplfv zlwklq roljrsro| wkhru| uhyhdov d ydulhw| ri uhvxowv1 Iru

lw lv hdv| wr vkrz wkdw/ zlwk suredelolw| rqh/
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lv d vwdeoh srlqw iru zklfk wkhuh lv qr grplqdqw ?up1 Wklv fdvh lv h{foxghg

iurp Wkhruhp 9 vlqfh zh*yh dvvxphg {34 9@ {35= Zkdw Wkhruhp 9 lpsolhv lv wkdw
íe!> e!> ò5 > 4ýò5 ì

lv
qrw orfdoo| vwdeoh1

47
ý
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ü
lv d 3orfdo4 Qdvk htxloleulxp lq wkh vhqvh wkdw hdfk ?up*v vwudwhj| lv d ehvw uhvsrqvh lq

d qhljkerukrrg ri lwv vwudwhj|1
48Iru h{dpsoh/ li ?fwlwlrxv sod| frqyhujhv wkhq lw frqyhujhv wr d Qdvk htxloleulxp +Sursrvlwlrq 515,

dqg dq| qrq0Qdvk rxwfrph lv xqvwdeoh zlwk uhvshfw wr dq| ehkdylrudo uxohv wkdw duh dv|pswrwlfdoo|
p|rslf dqg duh edvhg rq eholhiv wkdw duh dv|pswrwlfdoo| wkh vdph dv wkh hpslulfdo glvwulexwlrq
+Sursrvlwlrq 714,1
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wkh txdqwlw| jdph zlwk krprjhqhrxv jrrgv/ Yhjd0Uhgrqgr +4<<:, vkrzv wkdw wkh
surfhvv frqyhujhv wr d sulfh pruh frpshwlwlyh wkdq htxloleulxp zkhq d ?up lplwdwhv
wkh txdqwlw| ri wkh prvw sur?wdeoh ?upv1 Vlplodu uhvxowv duh ghulyhg lq Ukrgh dqg
Vwhjhpdq +5334, iru wkh gl>huhqwldwhg surgxfwv sulfh jdph dqg txdqwlw| jdph1 Iru
wkh Ehuwudqg sulfh jdph lq zklfk vhoohuv lplwdwh wkh sulfh ri wkh prvw sur?wdeoh vhoo0
huv/ Khkhqndps/ Tlq/ dqg Vwxduw +4<<<, dqg Doöv0Ihuuhu/ Dqld/ dqg Vfkhqn0Krssì
+5333, ?qg frqyhujhqfh wr wkh Qdvk htxloleulxp1 Khkhqndps +5333, prgl?hv wklv
prgho vr wkdw frqvxphuv rqo| judgxdoo| ohduq derxw vhoohuv* sulfhv dqg vkrzv wkdw
li frqvxphuv ohduq vx!flhqwo| vorzo| wkdw wkh v|vwhp grhv qrw frqyhujh wr d Qdvk
htxloleulxp1

8 Frpsdudwlyh G|qdplfv dqg Vlpxodwlrqv
Wr h{soruh wkh suhvhqfh ri d ?uvw0pryhu dgydqwdjh dqg wkh irup lw pljkw wdnh/ vlp0
xodwlrqv zhuh frqgxfwhg1 Wkh whup 3?uvw0pryhu dgydqwdjh4 lv xvhg wr uhihu wr dq|
dgydqwdjh hpdqdwlqj iurp wkh lqlwldo frqglwlrqv wr wkh v|vwhp1 Wkh v|vwhp kdv wkuhh
sdudphwhu ydoxhv= k +wkh sursruwlrq ri w|sh 3 frqvxphuv lq wkh srsxodwlrq,/ 4 +wkh
udwh dw zklfk frqvxphuv h{shulphqw,/ dqg / +wkh udwh dw zklfk ?upv glvfryhuv qhz
lghdv,> dqg irxu lqlwldo frqglwlrqv= q� +wkh lqlwldo sursruwlrq ri w|sh 3 frqvxphuv
or|do wr ?up 4,/ ò� +wkh lqlwldo sursruwlrq ri w|sh 4 frqvxphuv or|do wr ?up 4,/ %f�
+wkh lqlwldo orfdwlrq ri ?up 4,/ dqg %f2 +wkh lqlwldo orfdwlrq ri ?up 5,1 Wkh ixqfwlrq }
lv vshfl?hg wr eh= } Em& ý %mä ' �ý E& ý %ä2 é Lq wkdw fdvh/ wkh orqj0uxq orfdwlrqv duh=

è '
4 E�ý kä

E�ý 4äkn 4 E�ý kä / è '
E�ý 4ä E�ý kä

E�ý 4ä E�ý kä n 4 E�ý kä é

Vlpxodwlrqv lqyroyh d irxu vwhs surfhgxuh1 Iluvw/ ydoxhv duh vhw iru kc 4/ // q�/
dqg ò�é Vhfrqg/ ydoxhv iru %f� dqg %

f
2 duh udqgrpo| vhohfwhg iurp dfc �o dffruglqj wr

d xqlirup glvwulexwlrq1 Wklug/ wkh prgho lv sod|hg rxw1 Wklv lqyroyhv jhqhudwlqj d
vhtxhqfh ri lghdv> lq hdfk shulrg/ zlwk suredelolw| / dq lghd lv udqgrpo| vhohfwhg
iurp dfc �o dffruglqj wr d xqlirup glvwulexwlrq1 Jlyhq wklv vhtxhqfh ri lghdv/ ?upv
dqg frqvxphuv dfw dffruglqj wr wkh htxdwlrqv ri prwlrq1 Vwhsv 506 duh wkhq uhshdwhg
4333 wlphv1 Wkh ydoxhv uhsruwhg ehorz duh wkh dyhudjhv ri wkhvh 4333 uxqv1 Lq vrph
ri wkh uxqv/ vwhs 5 lv uhsodfhg zlwk lqlwldo orfdwlrqv ehlqj ?{hg ryhu wkh 4333 uxqv1
Zkhuh wkdw rffxuv/ lw lv qrwhg1

Wkh ?uvw lvvxh uhodwhv wr lghqwli|lqj d ?uvw0pryhu dgydqwdjh lq wklv prgho1 Wkhuh
duh wzr reylrxv srvvlelolwlhv 0 wkh lqlwldo pl{ ri w|sh 3 frqvxphuv uhodwlyh wr w|sh
4 frqvxphuv dqg wkh lqlwldo ?up orfdwlrqv1 Wkh khljkw ri wkh vxuidfh lq Iljxuh 6
phdvxuhv wkh iuhtxhqf| zlwk zklfk ?up 4 grplqdwhv 0 wkdw lv/ wkh vwdwh hyhqwxdoo|
hqwhuv lqwr l� vr wkdw wkh orqj0uxq pdunhw vkduh ri ?up 4 lv E�ý 4äk n 4 E�ý kä1
Lwv ghshqghqfh rq ?up 4*v lqlwldo vkduh ri w|sh 3 frqvxphuv/ q�*kc dqg lwv lqlwldo
vkduh ri w|sh 4 frqvxphuv/ ò�* E�ý kä c lv vkrzq1 Wkhvh uhvxowv duh iru zkhq 93(
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ri frqvxphuv duh w|sh 3 +k ' éSä/ d ?up/ rq dyhudjh/ uhfhlyhv vhyhq lghdv hyhu| whq
shulrgv +/ ' é.ä/ dqg d frqvxphu/ rq dyhudjh/ h{shulphqwv rqfh hyhu| whq shulrgv
+4 ' é�ä dqg rqfh hyhu| ?yh shulrgv +4 ' é2äé Frqvlvwhqw zlwk wkh lqwxlwlrq frplqj
rxw ri wkh htxdwlrqv ri prwlrq/ d kljkhu pdvv ri or|do w|sh 3 frqvxphuv dqg d orzhu
pdvv ri or|do w|sh 4 frqvxphuv lqfuhdvhv wkh iuhtxhqf| zlwk zklfk ?up 4 grplqdwhv1
E| kdylqj dq lqlwldo fxvwrphu pl{ eldvhg wrzdugv w|sh 3 frqvxphuv/ ?up 4 lv pruh
lqfolqhg wr dgrsw lghdv vxlwdeoh iru w|sh 3 frqvxphuv dqg wklv xowlpdwho| hqkdqfhv
wkh olnholkrrg ri grplqdwlqj wkh pdunhw1 Dovr qrwh wkdw ?up 4*v lqlwldo vkduh ri w|sh
3 frqvxphuv frxog eh txlwh orz exw lw vwloo lv txlwh olnho| wr grplqdwh dv orqj dv wkh
fxvwrphu pl{ lv eldvhg wrzdugv w|sh 3 frqvxphuv1 Iru h{dpsoh/ lw grplqdwhv zhoo
pruh wkdq 83( ri wkh wlph zkhq lwv lqlwldo vkduh ri w|sh 3 frqvxphuv lv rqo| 53(
exw lwv vkduh ri w|sh 4 frqvxphuv lv rqo| 43(1 Khqfh/ lw lv qrw vlpso| wkdw pruh
w|sh 3 frqvxphuv lv frqgxflyh wr grplqdwlqj exw udwkhu d kljkhu sursruwlrq ri w|sh
3 frqvxphuv dprqj rqh*v or|do fxvwrphu edvh ohdgv wr grplqdqfh1

Zkloh d eljjhu uhodwlyh suhvhqfh ri w|sh 3 frqvxphuv lv frqgxflyh wr ehlqj grpl0
qdqw/ lw lv qrw wuxh wkdw dq lqlwldo orfdwlrq forvhu wr wkdw prvw ghvluhg e| w|sh 3 frq0
vxphuv lv dozd|v frqgxflyh wr ehlqj grplqdqw1 Iljxuh 7 uhsruwv wkh iuhtxhqf| zlwk
zklfk ?up 4 grplqdwhv dv d ixqfwlrq ri wkh lqlwldo orfdwlrqv/ E%f�c %

f
2ä ' E%c �ý %ä c

dqg ?up 4*v lqlwldo vkduh ri w|sh 3 frqvxphuv1 Sdudphwhu ydoxhv dqg rwkhu lqlwldo
frqglwlrqv duh vhw dw= ò� ' éD E�ý kä c k ' éSc / ' é.c dqg 4 5 iéôc éej é Vwduwlqj
iurp % ' éDc vr wkdw ?upv duh erwk lqlwldoo| orfdwhg dw 18/ uhgxflqj % vr ?up 4 lv
forvhu wr 3 dqg ?up 5 lv iduwkhu dzd| iurp 3 grhv hqkdqfh ?up 4*v survshfwv iru
grplqdqfh1 Lqwxlwlyho|/ d orfdwlrq forvhu wr 3 lv pruh h>hfwlyh dw dwwudfwlqj w|sh 3
frqvxphuv1 Krzhyhu/ zkhq % lv wrr forvh wr 3/ ixuwkhu ghfuhdvhv dfwxdoo| uhgxfh wkh
iuhtxhqf| zlwk zklfk ?up 4 lv grplqdqw1 Wr vhh zk| wklv rffxuv/ krog ?{hg ?up
4*v rswlpdo orfdwlrq/ è��é Li %

f
� ÷ è�� wkhq wkh vhw ri dffhswdeoh lghdv lv

û
%f�c ú

�
�

ú
é D

ghfuhdvh lq %f� zloo wkhq vhuyh wr lqfuhdvh ú��/ pdnlqj lw pruh olnho| wkdw ?up 4 zrxog
dgrsw kljkhu orfdwlrqv dqg wkxv pruh olnho| wkdw ?up 5*v orfdwlrq lv pruh ghvludeoh wr
w|sh 3 frqvxphuv1 D yhu| orz orfdwlrq pd| eh xqghvludeoh ehfdxvh li lw lv zhoo ehorz
rqh*v rswlpdo orfdwlrq/ lqglfdwlqj wkdw d ?up*v fxuuhqw orfdwlrq lv qrw lq olqh zlwk
wkhlu fxuuhqw fxvwrphu edvh/ lw pd| ohdg wkh ?up wr udglfdoo| lqfuhdvh lwv orfdwlrq1

Dqrwkhu zd| lq zklfk wr dssurdfk wkh lvvxh ri grplqdqfh lv wr fkdudfwhul}h lð
zklfk lv wkh sduw ri wkh vwdwh vsdfh iru zklfk ?up ð grplqdwhv iru vxuh1 Rqfh wkh vwdwh
hqwhuv lqwr lð wkhq ?up ð*v pdunhw vkduh vwhdglo| frqyhujhv wr E�ý 4äkn 4 E�ý kä é
Dqlpdwlrq lv surylghg dw zzz1fvxrklr1hgx2fkdqjp2pdlq2uhvhdufk2grplqdqfh1kwp
zklfk vkrzv wkh surmhfwlrq ri l� +dqg l2ä rq wkh vsdfh ri ydoxhv iru

ý
%|3�� c %|3�2 c q|

ü
dqg ghslfwv krz wklv surmhfwlrq fkdqjhv zlwk uhvshfw wr wkh irxuwk vwdwh yduldeoh/
ò|1 Wkh uhg srlqwv frpsulvh l� dqg wkh eoxh srlqwv frpsulvh l2 +iru d ?qlwh julg,1
Revhuylqj l�c wkh vhw ri ydoxhv iru

ý
%|3�� c %|3�2

ü
lv odujhu iru kljkhu ydoxhv iru q| dqg

wklv surmhfwlrq vkulqnv dv ò| ulvhv1 Dovr qrwh wkdw dv ò| ulvhv/ wkh surmhfwlrq ri l� jhwv
frqfhqwudwhg rq kljkhu ydoxhv iru q| exw prghudwhv ydoxhv iru %|3�� dqg %|3�2 frqvlvwhqw
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zlwk wkh srlqw pdgh zlwk Iljxuh 7149

D vhfrqg txhvwlrq wr h{soruh zlwk vlpxodwlrqv lv wr zkdw h{whqw wkh udwh ri frq0
vxphu h{shulphqwdwlrq lv frpsohphqwdu| wr d ?uvw0pryhu dgydqwdjh1 Wkhuh duh wzr
frxqwhuydlolqj irufhv dw sod|1 Li/ vd|/ ?up 4 kdv d kljkhu pl{ ri w|sh 3 frqvxphuv
wkhq lw lv pruh olnho| wkdq wkh rwkhu ?up wr dgrsw d orfdwlrq wkdw lv pruh dwwudfwlyh
wr wkrvh frqvxphuv1 Li frqvxphuv h{shulphqw dw d kljkhu udwh/ w|sh 3 frqvxphuv zkr
duh fxuuhqwo| or|do wr wkh rwkhu vwruh zloo wkhq ohduq derxw wkh ?up*v vxshulru sudf0
wlfhv dqg  rz wr lw txlfnhu1 Wklv pdnhv lw pruh olnho| wkdw wkh vwdwh zloo jhw lqwr l�é
E| wklv dujxphqw/ d kljkhu ydoxh iru 4 dxjphqwv wkh ?uvw0pryhu dgydqwdjh iurp d
kljkhu pl{ ri w|sh 3 frqvxphuv1 Rq wkh rwkhu kdqg/ li wkh fxuuhqw pdunhw odjjdug/ lq
whupv ri wkh fxvwrphu pl{/ lv deoh wr ghyhors d vxshulru sudfwlfh wkhq pruh frqvxphu
h{shulphqwdwlrq zloo uhvxow lq d khdylhu  rz ri w|sh 3 frqvxphuv wr lw1 Lw pd| wkhq
eh deoh wr ehfrph d pdunhw ohdghu ehiruh wkh rwkhu ?up ghyhorsv d |hw hyhq ehwwhu
sudfwlfh1 H{dplqdwlrq ri Iljxuh 6 vxjjhvwv wkdw wkh odwwhu h>hfw grplqdwhv1 Dv 4
lv lqfuhdvhg iurp 14 wr 15/ wkh uhodwlrqvkls ehwzhhq lqlwldo fxvwrphu pl{hv dqg wkh
iuhtxhqf| zlwk zklfk ?up 4 grplqdwhv ehfrphv  dwwhu> phdqlqj wkdw wkh olnholkrrg
ri grplqdqfh lv ohvv uhvsrqvlyh wr d ?up*v fxvwrphu edvh1 Iljxuh 8 vkrzv wklv pruh
jhqhudoo|1 Wkh krul}rqwdo d{lv phdvxuhv wkh ghjuhh ri ?up 4*v ?uvw0pryhu dgydqwdjh
zkhuh lw kdv qr dgydqwdjh dw 18218 dqg/ iurp wkdw srlqw xszdug/ lwv dgydqwdjh lv
lqfuhdvlqj1 Dv 4 lqfuhdvhv/ wkh fxuyh  dwwhqv zklfk lqglfdwhv wkdw/ iru dq| lqlwldo dg0
ydqwdjh/ wkh iuhtxhqf| zlwk zklfk ?up 4 grplqdwhv lv uhgxfhg1 Iurp wkhvh uhvxowv/
lw lv frqfoxghg wkdw d kljkhu udwh ri frqvxphu h{shulphqwdwlrq zhdnhqv d ?uvw0pryhu
dgydqwdjh1

Lq frqwudvw wr wkh udwh ri frqvxphu h{shulphqwdwlrq/ Iljxuh 9 vkrzv wkdw d kljkhu
udwh ri qhz lghdv grhv frpsohphqw d ?up*v ?uvw0pryhu dgydqwdjh1 Dv / lqfuhdvhv/
wkh iuhtxhqf| zlwk zklfk ?up 4 grplqdwhv/ zkhq lw kdv d ?uvw0pryhu dgydqwdjh/
lqfuhdvhv1 Zkhq lw kdv d vxshulru fxvwrphu pl{/ d kljkhu udwh ri glvfryhu| pdnhv
lw pruh olnho| wkdw lw*oo lghqwli| dqg dgrsw d sudfwlfh dwwudfwlyh wr w|sh 3 frqvxphuv
ehiruh lw orvhv lwv dgydqwdjhrxv fxvwrphu pl{1

9 Krul}rqwdoo| dqg Yhuwlfdoo| Gl>huhqwldwhg Sudf0
wlfhv

Dq xqvdwlvidfwru| surshuw| ri wkh suhylrxv prgho lv wkdw wkhuh lv dozd|v pdunhw
grplqdqfh lq wkh orqj0uxq1 Wkxv/ wkh prgho kdv qrwklqj wr vd| derxw zkhq zh
vkrxog h{shfw wr revhuyh rqh ?up vxvwdlqlqj d grplqdqw srvlwlrq lq wkh pdunhw1 Wr
dgguhvv wkdw lvvxh/ wkh suhylrxv prgho lv hqulfkhg lq wkh fxuuhqw vhfwlrq e| doorzlqj
?upv* sudfwlfhv wr eh erwk krul}rqwdoo| dqg yhuwlfdoo| gl>huhqwldwhg> wkdw lv/ doorzlqj
wkh txdolw| ri sudfwlfhv wr gl>hu ehwzhhq ?upv1

49Prylh 6 lv hvshfldoo| uhyhdolqj ri wklv srlqw1
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Ohw 5|ð ghqrwh wkh txdolw| ri ?up ð lq shulrg |1 D w|sh & frqvxphu suhihuv d ?up
zlwk sudfwlfhv %â dqg txdolw| 5â wr d ?up zlwk sudfwlfhv %ââ dqg txdolw| 5ââ l>

m%â ý &m ý m%ââ ý &m ÷ 5â ý 5ââé

Wkh htxdwlrqv ri prwlrq duh wkhq uh0gh?qhg wr eh=

q|n� '

;AA?AA=
q| n 4

ý
ký q|ü li %|3�� ý %|2 ÷ 5|3�� ý 5|2 dqg %|� ý %|3�2 ÷ 5|� ý 5|3�2

q| li %|3�� ý %|2 ÷ 5|3�� ý 5|2 dqg 5|� ý 5|3�2 ÷ %|� ý %|3�2

E�ý 4äq| n 4 ýký q|ü li 5|3�� ý 5|2 ÷ %|3�� ý %|2 dqg %|� ý %|3�2 ÷ 5|� ý 5|3�2

E�ý 4äq| li 5|3�� ý 5|2 ÷ %|3�� ý %|2 dqg 5|� ý 5|3�2 ÷ %|� ý %|3�2

ò|n� '

;AA?AA=
ò| n 4 E�ý ký ò|ä li %|2 ý %|3�� ÷ 5|3�� ý 5|2 dqg %|3�2 ý %|� ÷ 5|� ý 5|3�2

ò| li %|2 ý %|3�� ÷ 5|3�� ý 5|2 dqg 5|� ý 5|3�2 ÷ %|3�2 ý %|�
E�ý 4ä ò| n 4 E�ý ký ò|ä li 5|3�� ý 5|2 ÷ %|2 ý %|3�� dqg %|3�2 ý %|� ÷ 5|� ý 5|3�2

E�ý 4ä ò| li 5|3�� ý 5|2 ÷ %|2 ý %|3�� dqg 5|� ý 5|3�2 ÷ %|3�2 ý %|�
Dvvxph 5|ð 5 { zkhuh { lv d ?qlwh vxevhw ri dfc 5o dqg 5 : f dqg txdolw| d>hfwv

fxuuhqw sur?w lq d sursruwlrqdo pdqqhu1 Wklv doorzv xv wr uhwdlq Zð
ý
%|ðc q

|c ò|
ü
dv

d ?up*v sur?w ixqfwlrq zorj14: Qrwh wkdw rqh fdq lqwhusuhw ?upv dv uhfhlylqj lghdv
wkdw d>hfw wkh yhuwlfdo glphqvlrq +wkdw lv/ 5|ðä dv zhoo dv wkh krul}rqwdo glphqvlrq
+wkdw lv/ %|ðä1 Vlqfh sur?w lv prqrwrqlfdoo| lqfuhdvlqj lq txdolw|/ lw*oo dozd|v dgrsw
txdolw|0lpsurylqj lghdv1 D vwdwh lv qrz gh?qhg e| r| ì ý%|3�� c %|3�2 c 5|3�� c 5|3�2 c q|c ò|

ü
dqg ohw K ghqrwh wkh vwdwh vsdfh1

Zkdw lv lpsruwdqw iru wkh dqdo|vlv lv wkh txdolw| gl>huhqwldo ehwzhhq ?upv/ 5|�ý5|2é
Lw lv dvvxphg wr wdnh rq d ?qlwh qxpehu ri ydoxhv zklfk olh lq[éQrwh wkdw[ lv lqgxfhg
e|{ dqg lv d vxevhw ri dý5c 5o é Gh?qh > G [ûK$ dfc �o wr eh wkh suredelolw| ixqfwlrq
ryhu 5|�ý5|2é Qrwh wkdw lw fdq ghshqg rq wkh fxuuhqw vwdwh14; D7 uhtxluhv wkdw srvlwlyh
suredelolw| eh dvvljqhg wr ?upv kdylqj lghqwlfdo txdolwlhv dqg wr wkh h{wuhph ydoxhv1
D8 uhtxluhv wkdw wkh suredelolw| wkdw wkh txdolw| gl>huhqwldo grhv qrw fkdqjh ryhu d
?qlwh qxpehu ri shulrgv lv srvlwlyh1

D7 > EB mr| ä : f ; B 5 iý5c fc 5j c ;r| 5 Ké

D8 Li > EB mr| ä : f wkhq ; ?qlwh Ac á|nAô'|n�> EB mrô ä : f ;rô vxfk wkdw 5ô3�� ý5ô3�2 ' Bé

Wkhruhp : hvwdeolvkhv wkdw rxu hduolhu uhvxowv duh urexvw wr doorzlqj iru yhuwlfdo
gl>huhqwldwlrq dv orqj dv wkh pd{lpxp txdolw| gl>huhqwldo lv qrw wrr odujh1

Wkhruhp : Li 5 5 ûfc èý èü wkhq/ doprvw vxuho|/ *ð4|<"
ý
q|c ò|

ü 5 iEkc fä c Efc �ý käj é
4:Wkdw lv/ vxssrvh sur?w lv k +}wl,äl

ý
{wl> ñ

w> ðw
ü
zkhuh k +3, A 3 dqg k3 +}wl, A 3= Wkhq wkh dgrswlrq

ghflvlrqv uhjduglqj lghdv duh xqd>hfwhg e| wkh txdolw| ri d ?up*v sudfwlfhv1
4;Iru h{dpsoh/ lw fdq doorz iru wkh suredelolw| wkdw wkh txdolw| gl>huhqwldo lv pruh olnho| wr jurz

wkdq wr vkulqn zklfk zrxog eh wuxh li wkh txdolw| ohdghu kdv dq dgydqwdjh1
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Zlwk KâcKââ ã Kc ohw èh EKâ mKââ ä ghqrwh wkh suredelolw| wkdw r|nô 5 Kâ iru vrph ô c
jlyhq r| 5 Kââé Sduwlwlrq wkh vwdwh vsdfh lqwr wkh iroorzlqj irxu vhwv=

K� ì
ã
r 5 K G q :

k

2
c ò ÷

�ý k
2

â
cK2 ì

ã
r 5 K G q ÷

k

2
c ò :

�ý k
2

â
c

Kô ì
ã
r 5 K G q è k

2
c ò è �ý k

2

â
cKe ì

ã
r 5 K G q é k

2
c ò é �ý k

2

â
é

K� +K2, lv wkh vhw ri vwdwhv lq zklfk ?up 4 +5, lv grplqdwlqj w|sh 3 frqvxphuv
+wkdw lv/ lwv vkduh ri w|sh 3 frqvxphuv h{fhhgv 18, dqg ?up 5 +4, lv grplqdwlqj w|sh
4 frqvxphuv1 Kô +Ke, lv wkh vhw ri vwdwhv lq zklfk ?up 4 +5, lv grplqdwlqj erwk
frqvxphu w|shv1

Wkhruhp ; vkrzv wkdw/ li wkh pd{lpxp txdolw| gl>huhqwldo lv vx!flhqwo| odujh wkhq
wkh vwdwh zloo xowlpdwho| eh lq hdfk ri wkhvh vhwv1 Ixuwkhupruh/ vlqfh èh EKð mKð ä ' �
wkhq Kð lv uhfxuuhqw vr wkh vwdwh zloo ylvlw Kð lq?qlwho| riwhq1 Lq rwkhu zrugv/ erwk
?upv grplqdwh lq?qlwho| riwhq zlwk suredelolw| rqh vr wkdw pdunhw grplqdqfh lv qrw
vxvwdlqhg1

Wkhruhp ; Li 5 : èý è wkhq èh EKð mKæ ä ' � ;ðc æ 5 i�c 2c ôc ej é

Wr vxppdul}h/ rqh ?up zloo kdyh d pdunhw vkduh dv|pswrwlfdoo| dssurdfklqj
E�ý 4äkn 4 E�ý kä zkhq wkh pd{lpxp txdolw| gl>huhqwldo lv ohvv wkdq èýèéZkhq
lqvwhdg wkh pd{lpxp txdolw| gl>huhqwldo h{fhhgv è ý èc wkh lghqwlw| ri wkh pdunhw
ohdghu fkdqjhv ryhu wlph/ hyhq lq wkh orqj0uxq1 è ý è lv wkhq d fulwlfdo ydoxh zklfk
ghwhuplqhv zkhwkhu ru qrw wkhuh lv vxvwdlqhg pdunhw grplqdqfh1 Lw lv vwudljkwiruzdug
wr vkrz wkdw wklv fulwlfdo ydoxh lv vpdoohu zkhq frqvxphuv vhdufk dw d kljkhu udwh1
Xvlqj wkh ?uvw0rughu frqglwlrqv gh?qlqj è dqg èc lw fdq eh ghulyhg=

Yè

Y4
'

k}â
ý
è
ü
n E�ý kä }â ý�ý èü

E�ý 4äk}ââ ýèün 4 E�ý kä }ââ ý�ý èü : fc
Yè

Y4
'

ýk}â ýèüý E�ý kä }â ý�ý èü
4k}ââ

ý
è
ü
n E�ý 4ä E�ý kä }ââ ý�ý èü ÷ f(

vr wkdw èý è lv ghfuhdvlqj lq 4é Wkhuhiruh/ vxvwdlqhg pdunhw grplqdqfh lv ohvv olnho|
zkhq frqvxphuv h{shulphqw dw d kljkhu udwh1

Wr xqghuvwdqg wklv uhvxow/ rqh pxvw ?uvw uhfrjql}h wkdw wkh fuxfldo lvvxh uhjduglqj
vxvwdlqhg pdunhw grplqdqfh lv zkhwkhu ?upv* orfdwlrqv fdq eh vx!flhqwo| idu dsduw
lq wkh orqj0uxq vr wkdw hyhq li wkh pdunhw odjjdug kdv kljkhu txdolw|/ lw grhv qrw dowhu
frqvxphuv* or|dow| ghflvlrqv1 Zkhq ?upv kdyh frpsdudeoh txdolwlhv dqg/ vd|/ ?up 4 lv
grplqdqw wkhq ?upv* rswlpdo orfdwlrq ghflvlrqv duh frqyhujlqj wr è iru ?up 4 dqg è iru
?up 51 Wkhlu sudfwlfhv zloo suredelolvwlfdoo| frqyhujh wr wkrvh orfdwlrqv1 Wkhuhiruh/
lq ?qlwh wlph zlwk srvlwlyh suredelolw|/ m%|� ý %|2m lv forvh wr è ý èé Li 5 ÷ è ý èc vr
wkdw 5 ÷ m%|� ý %|2m c wkhq ?up 5 fdqqrw lqgxfh w|sh 3 fxvwrphuv wr ehfrph or|do wr lw
hyhq zkhq lw kdv kljkhu txdolw| sudfwlfhv1 Wklv lv wkh edvlv iru Wkhruhp :1 Krzhyhu/
li 5 : è ý è wkhq kljkhu txdolw| lqgxfhv w|sh 3 fxvwrphuv wr ehfrph or|do wr ?up
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5 dqg/ lq idfw/ erwk frqvxphu w|shv duh dwwudfwhg wr lw14< Wkh uroh ri wkh udwh ri
frqvxphu h{shulphqwdwlrq/ 4c lv dv iroorzv1 E| udlvlqj 4c ?upv* kdyh pruh vlplodu
pl{hv ri frqvxphuv ex|lqj iurp wkhp dv/ lq dq| shulrg/ wkhuh lv d odujhu iudfwlrq ri
3qrlvh4 frqvxphuv> frqvxphuv zkr/ lq wkdw shulrg/ duh fkrrvlqj d ?up luuhvshfwlyh ri
wkhlu or|dow|1 Wkh lqfuhdvhg vlplodulw| lq fxvwrphu edvhv fdxvhv wkh orqj0uxq ydoxh iru
m%|� ý %|2m wr vkulqn1 Dv d uhvxow/ lw ehfrphv pruh olnho| wkdw d txdolw| dgydqwdjh fdq
fdxvh frqvxphuv wr vzlwfk or|dowlhv dqg wxuq d pdunhw odjjdug lqwr d pdunhw ohdghu1

: Frqfoxglqj Uhpdunv
Li/ dv ?upv* orfdwlrqv vhwwohg grzq/ frqvxphu h{shulphqwdwlrq zhqw wr }hur/ lw zrxog
qrw eh vxusulvlqj li vxvwdlqhg pdunhw grplqdqfh suhydlohg1 Hyhq li d qrq0grplqdqw
?up dgrswhg d orfdwlrq wkdw zrxog eh dwwudfwlyh wr wkh suhydohqw frqvxphu w|sh/
wkhuh zrxog eh olwwoh frqvxphu uhvsrqvh wr lw1 Li ?upv hqjdjhg lq orfdo vhdufk 0 wu|lqj
wr ?qg sur?w0lpsurylqj lghdv durxqg wkhlu fxuuhqw orfdwlrq 0 lw zrxog dovr qrw eh
vxusulvlqj li vxvwdlqhg grplqdqfh hphujhg1 Wkhuh pljkw eh lghdv wkdw zrxog doorz
d qrq0grplqdqw ?up wr ehfrph grplqdqw exw d ?up zrxog qhyhu ?qg wkhp ehfdxvh
ri lwv orfdol}hg vhdufk1 Ilqdoo|/ li ?upv idfhg d frvw wr dgmxvwlqj wkhlu orfdwlrq/ lw
zrxog rqfh djdlq qrw eh vxusulvlqj wkdw vxvwdlqhg pdunhw grplqdqfh zrxog hphujh1
Zkdw lv vwulnlqj derxw rxu dqdo|vlv lv wkdw 0 lq vslwh ri frqvxphuv dozd|v hqjdjlqj
lq h{shulphqwdwlrq/ ?upv dozd|v hqjdjlqj lq joredo vhdufk/ dqg ?upv ehlqj deoh
wr frvwohvvo| dgmxvw wkhlu orfdwlrqv 0 vxvwdlqhg pdunhw grplqdqfh pxvw vwloo suhydlo1
Ixuwkhupruh/ wklv uhvxow lv urexvw wr wkh udwh ri frqvxphu h{shulphqwdwlrq wkrxjk
lw lv qrw urexvw wr doorzlqj iru vx!flhqwo| juhdw vkrfnv wr wkh txdolw| gl>huhqwldo
ehwzhhq ?upv1

Reylrxvo|/ d vhulrxv uhvwulfwlrq lq rxu dqdo|vlv lv wkdw ?upv duh p|rslf rswlpl}huv1
Vshfl?fdoo|/ lw lv dvvxphg wkdw qhz sudfwlfhv duh dgrswhg li dqg rqo| li wkh| udlvh sur?w
edvhg rq wkh fxuuhqw vhw ri fxvwrphuv1 D yluwxh wr wklv uxoh lv wkdw lw lv vhqvleoh 0
lw*oo dozd|v ohdg wr vkruw0uxq sur?w lqfuhdvhv 0 dqg lw lv ihdvleoh 0 lw uhtxluhv plqlpdo
lqirupdwlrq dqg vrsklvwlfdwlrq rq wkh sduw ri wkh ?upv1 Wkh rwkhu h{wuhph zrxog
eh wr fkdudfwhul}h d Pdunry shuihfw htxloleulxp zlwk ?upv ydoxlqj wkh glvfrxqwhg
vwuhdp ri h{shfwhg sur?wv1 Wkh dsshdo wkhuh lv wkdw ?upv fdq wdnh lqwr dffrxqw krz
wkhlu sudfwlfhv d>hfw wkhlu ixwxuh fxvwrphu edvhv1 Wkh reylrxv glvdgydqwdjh lv wkdw
lw lv qrw dw doo fohdu wkdw vxfk vwudwhjlhv duh ihdvleoh ehfdxvh= l, wkhuh pd| qrw h{lvw
d sodxvleoh ohduqlqj g|qdplf wkdw frqyhujhv wr Pdunry htxloleulxp vwudwhjlhv> ru ll,
lw pd| qrw eh frpsxwdwlrqdoo| ihdvleoh iru ?upv wr vroyh iru d Pdunry htxloleulxp
vwudwhj|153 Wkh krsh iru ixwxuh uhvhdufk lv wr ?qg plggoh jurxqg ehwzhhq wkhvh wzr

4<Lqwhuhvwlqjo|/ zkhq rqh ?up lv suhihuuhg e| erwk frqvxphu w|shv wkhq ?upv* orfdwlrqv sured0
elolvwlfdoo| frqyhujh wr wkh vdph ydoxh/ e! +vhh irrwqrwh 44,1

53Wkrxjk vhh Sdnhv +5333, iru d glvfxvvlrq ri d vwrfkdvwlf dojrulwkp iru ohduqlqj Pdunry htxlole0
ulxp vwudwhjlhv1
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h{wuhph ehkdylrudo dvvxpswlrqv e| lghqwli|lqj khxulvwlfv wkdw wdnh lqwr dffrxqw wkh
uhodwlrqvkls ehwzhhq sudfwlfhv dqg fxvwrphu or|dow| ghflvlrqv1

D vhfrqg vhulrxv uhvwulfwlrq lv wkdw sulfh0vhwwlqj ehkdylru lv qrw prghoohg1 Li
sulfhv duh vhw wr pd{lpl}h vwdwlf sur?w wkhq doorzlqj ?upv wr fkrrvh sulfhv vkrxog
qrw xsvhw uhvxowv1 Vlqfh/ lq wkh devhqfh ri sulfh0vhwwlqj/ ?upv* sudfwlfhv whqg wr
glyhujh/ doorzlqj ?upv wr fkrrvh sulfh vkrxog uhlqirufh wkdw whqghqf| vlqfh pruh
vlplodu sudfwlfhv uhvxow lq pruh lqwhqvh sulfh frpshwlwlrq1 Pruh lqwhuhvwlqj lv li ?upv
duh iruzdug0orrnlqj dqg xvh sulfh wr dwwudfw frqvxphuv zlwk wkh lqwhqw wkdw wkh|
pd| ehfrph or|do fxvwrphuv1 D qrq0grplqdqw ?up frxog srwhqwldoo| glvsodfh wkh
grplqdqw ?up e| sulflqj vx!flhqwo| orz vlqfh d sulfh gl>huhqwldo lv htxlydohqw wr d
txdolw| gl>huhqwldo dqg zh nqrz wkdw pdunhw grplqdqfh lv qrw vxvwdlqhg li wkh txdolw|
gl>huhqwldo lv vx!flhqwo| odujh1 Ghwhuplqlqj rswlpdo sulflqj lq wkdw frqwh{w zrxog
eh txlwh lqwhuhvwlqj1
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; Dsshqgl{
Surri ri Ohppd 4= Ohw xv ?uvw vkrz wkdw li Z kdv dq rswlpxp/ lw lv dq lqwhulru
vroxwlrq1 Frqvlghu % ' f G

YZ Efc ç Efä c ç E�ää

Y%
' ý dE�ý 4äç E�ä n 4 E�ý ký ç E�ääo }â E�ä : f

vlqfh }â Efä ' fé Khqfh/ li è h{lvwv wkhq è : fé Qh{w frqvlghu=

YZ E�c ç Efä c ç E�ää

Y%
' dE�ý 4äç Efä n 4 Eký ç Efääo }â E�ä ÷ f +45,

Khqfh/ li è h{lvwv wkhq è ÷ �é Jlyhq dq rswlpxp pxvw eh lqwhulru dqg Z lv vwulfwo|
frqfdyh wkhq è lv gh?qhg e| wkh ?uvw0rughu frqglwlrq=

dE�ý 4äç Efä n 4 Eký ç Efääo }â Eèä
ý dE�ý 4äç E�ä n 4 E�ý ký ç E�ääo }â E�ý èä ' f

+46,

Gh?qh
{ ì dE�ý 4äç Efä n 4 Eký ç Efääo }ââ Eèä
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hè|2/ e| dq dqdorjrxv dujxphqw rqh

fdq vkrz wkdw hM2 vwrfkdvwlfdoo| grplqdwhv M2 lq wkh ?uvw ghjuhh1 ï
Surri ri Wkhruhp 6= Wkhuh duh wzr srvvleoh rxwfrphv= l, %� 9' %2 vr wkdw rqh

?up*v or|do fxvwrphuv duh w|sh 3 dqg wkh rwkhu ?up*v duh w|sh 4> dqg ll, %� ' %2 vr
wkdw hdfk ?up vhuyhv kdoi ri hdfk frqvxphu w|sh1 Ohw xv ?uvw vkrz wkdw wkhuh grhv
qrw h{lvw dq htxloleulxp zlwk %� 9' %21 Zorj/ vxssrvh %� ÷ %2 vr wkdw doo w|sh 3
frqvxphuv suhihu wr ex| iurp ?up 4 dqg doo w|sh 4 frqvxphuv suhihu wr ex| iurp ?up
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ý
èc è

ü
wr
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wkhq uhtxluhv Z� Ekä è Z2 Ekä é Frpelqlqj wkhvh wzr frqglwlrqv/ htxloleulxp uhtxluhv
Z� Ekä ' Z2 Ekä é Wkh qh{w vwhs lv wr vkrz wkdw li k : �*2 wkdw wklv frqglwlrq fdqqrw
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Iluvw qrwh wkdw Z� E�*2ä ' Z2 E�*2ä é Qh{w/ ohw xv hydoxdwh wkh fkdqjh lq wkhvh
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Jä dqg Zâ� Ek
Jä é Zâ2 Ek

Jä +wkdw lv/ dv k lqfuhdvhv
wrzdug kJ/ Z2 dssurdfkhv Z� iurp ehorz,1 Zâ� Ek

Jä é Zâ2 EkJä l>

4}
ý
è
üý E�ý 4ä } ý�ý èü è E�ý 4ä } ýèüý 4} ý�ý èü/

4
û
}
ý
�ý èün } ýèüú è E�ý 4ä û} ýèün } ý�ý èüú é +4;,

Uhfdoo wkdw/ e| Ohppd 4/ è ÷ èé Vlqfh }
ý
è
ü
: }

ý
�ý èü c dv è ÷ �*2c dqg �ý 4 : 4c

d qhfhvvdu| frqglwlrq iru +4;, wr krog lv wkdw }
ý
è
ü
: }

ý
�ý èü zklfk lpsolhv è ÷ �*2é

Jlyhq è ÷ è ÷ �*2/ qrwh wkdw ?up 4*v sur?w iurp vhwwlqj %� ehorz exw duelwudulo|
forvh wr è lv E�ý 4äkJ} ýèü n 4 E�ý kJä } ý�ý èü zklfk h{fhhgv Z2 EkJä é Wkhuhiruh/
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h{lvw d Qdvk htxloleulxp lq zklfk %� 9' %2é
Qrz frqvlghu E%�c %2ä ' E%c %ä é Hdfk ?up*v sd|r> lv Ek*2ä } E%ändE�ý kä *2o } E�ý %ä é

Vxssrvh % 5 Efc �ä é D qhfhvvdu| frqglwlrq iru htxloleulxp lv wkdw orfdwlqj dw % lv
suhihudeoh wr orfdwlqj ehorz exw duelwudulo| forvh wr % G

Ek*2ä } E%ä n dE�ý kä *2o } E�ý %ä è E�ý 4äk} E%ä n 4 E�ý kä } E�ý %ä/
E�ý kä } E�ý %ä è k} E%ä é
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Frpelqlqj wkhvh wzr frqglwlrqv |lhogv= k} E%ä ' E�ý kä } E�ý %ä é Dw d ydoxh ri %
wkdw vdwlv?hv wkdw htxdolw|/ d ?up lv lqgl>huhqw ehwzhhq orfdwlqj dw % dqg orfdwlqj
duelwudulo| ehorz % +dqg irfxvlqj rq w|sh 3 frqvxphuv, dqg duelwudulo| deryh % +dqg
irfxvlqj rq w|sh 4 frqvxphuv,1 Li è ÷ % wkhq orfdwlqj dw è lv vwulfwo| suhihuuhg
wr orfdwlqj ehorz dqg duelwudulo| forvh wr %1 Lq wkdw fdvh/ orfdwlqj dw è lv vwulfwo|
suhihuuhg wr orfdwlqj dw %é Lw lv wkhq qhfhvvdu| wkdw % é èé E| wkh vdph orjlf/ lw lv
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Wr vxppdul}h/ E%�c %2ä ' Efc fä lv d Qdvk htxloleulxp l> [Ekä è fé Lw*v ehhq
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2 é èA â2 é Li wkhuh duh qr qhz lghdv lq A â wkhq
hlwkhu= l, èA

ân�
� ÷ %A

â
� ÷ %

A â
2 é èA

ân�
2 > ru ll, %A

â
� é èA

ân�
� ÷ %A

â
2 é èA

ân�
2 é Li +l,

wkhq zh*uh grqh1 Li +ll, wkhq xvh wkh dujxphqwv lq +ll0e,0+ll0f, wr vkrz wkdw <
?qlwh |f vxfk wkdw zlwk suredelolw| erxqghg deryh }hur/ èA

ân|f
� ÷ %A

ân|f3�
� é

Nhhslqj ?up 5*v sudfwlfhv ?{hg gxulqj wkdw wlph/ zh hqg xs zlwk=

èA
ân|f

� ÷ %A
ân|f3�

� ÷ %A
ân|f3�
2 ÷ èA

ân|f
2 é

lll0e, Vxssrvh %A
â3�

� ÷ %A
â3�

2 ÷ èA
â
� ÷ è

A â
2 é Wkh suredelolw| wkdw +

A â
2 5

í
éD
í
èA

â
� n èA

â
2

ì
c èA

â
2

ì
lv erxqghg deryh }hur1 Zlwk srvlwlyh suredelolw|/ ?up 4 grhv qrw jhw
dq lghd1 Vxssrvh erwk ri wkrvh hyhqwv kdsshq1 Zh hlwkhu kdyh= l,
èA

ân�
� ÷ %A

â
� ÷ %A

â
2 ÷ èA

ân�
2 ( ru ll, %A

â
� é èA

ân�
� ÷ %A

â
2 ÷ èA

ân�
2 é Li +l,

wkhq zh*uh grqh1 Li +ll, wkhq xvh wkh dujxphqwv lq +ll0e,0+ll8f, wr vkrz wkdw
< ?qlwh |f vxfk wkdw zlwk suredelolw| erxqghg deryh }hur=

èA
ân|f

� ÷ %A
ân|f3�

� ÷ %A
ân|f3�
� ÷ èA

ân|f
2 é

ly, Vxssrvh èA
â

� é %A â� c èA
â

2 ÷ %
A â
2 é Wkh surri lv dqdorjrxv wr +lll,1

E| wkh suhfhglqj vwhsv/ zh frqfoxgh wkdw wkhuh lv ?qlwh wlph +erxqghg iurp deryh,
dqg srvlwlyh suredelolw| +erxqghg deryh }hur, vxfk wkdw wkh vwdwh lv lq l�1 Doo
wklv lv vkrzq iru %f� ÷ %f2é Li lqvwhdg %

f
2 ÷ %f� wkhq dq dqdorjrxv vhw ri dujxphqwv

dsso| wr vkrz wkdw wkhuh lv ?qlwh wlph +erxqghg iurp deryh, dqg srvlwlyh suredelolw|
+erxqghg deryh }hur, vxfk wkdw wkh vwdwh lv lq l21 Lw iroorzv wkdw/ doprvw vxuho|/ý
%|3�� c %|3�2 c q|c ò|

ü 5 l�^ l2 dv |$4éï
Surri ri Wkhruhp := Zkhq wkh vwdwh lv vxfk wkdw ?upv kdyh lghqwlfdo txdolwlhv/

wkh prgho zlwk txdolw| ehkdyhv lghqwlfdoo| wr wkh prgho zlwkrxw txdolw| +dv wkh prghov
duh lghqwlfdo,1 Wkh lghd lv wr vxssrvh wkdw txdolwlhv duh lghqwlfdo iru d vx!flhqwo| orqj
shulrg ri wlph +zklfk zh fdq e| D70D8, vr wkdw/ zlwk suredelolw| erxqghg deryh
}hur/ wkh glvwdqfh lq ?upv* lghdo orfdwlrqv/

ññè|� ý è|2ññ c lv vx!flhqwo| forvh wr
ññèý èññ é

Wkhq/ zlwk srvlwlyh suredelolw|/ rqh fdq jhw hdfk ?up*v orfdwlrq vx!flhqwo| forvh wr
lwv lghdo orfdwlrq vr wkdw

ññ4@ 
õ
ú|ðc %

|3�
ð

ôý4ð?
õ
ú|æ c %

|3�
æ

ôññ lv forvh wr ññè|� ý è|2ññ +iru
vrph ð, dqg/ wkhuhiruh/

ññ4@ 
õ
ú|ðc %

|3�
ð

ôý4ð?
õ
ú|æ c %

|3�
æ

ôññ lv forvh wr
ññèý èññ é Vlqfhññèý èññ : 5c zh fdq gr wklv vr wkdw

ññ4@ 
õ
ú|ðc %

|3�
ð

ôý4ð?
õ
ú|æc %

|3�
æ

ôññ : 5é Dw wkdw
srlqw/ wkh glvwdqfh lq ?upv* orfdwlrqv h{fhhgv 5 vr wkdw wkh txdolw| gl>huhqwldo grhv
qrw d>hfw wkh frqvxphu g|qdplfv1 Iurp wklv srlqw rqzdug/ wkh g|qdplfv duh h{dfwo|
dv vshfl?hg lq wkh prgho zlwkrxw txdolw| zkhuh zh vkrzhg wkdw lw frqyhujhv wr rqh
?up kdylqj doo w|sh 3 frqvxphuv dqg wkh rwkhu ?up kdylqj doo w|sh 4 frqvxphuv1

Iurp wkh surri ri Wkhruhp 8/ zh vkrzhg < ?qlwh A W dqg 0W 5 Efc �ä vxfk wkdw iru dooý
%f�c %

f
2c q

�c ò�
ü 5 lc

ý
%A

W3�
� c %A

W3�
2 c qA

W
c òA

Wü 5 l� ^l2 zlwk suredelolw| h{fhhglqj 0Wé
Wkrxjk ghulyhg iru wkh prgho zlwkrxw txdolw|/ lw dssolhv wr wkh prgho zlwk txdolwlhv
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dv orqj dv vwruhv kdyh wkh vdph txdolw|1 Wkxv/ vxssrvh wkh txdolw| gl>huhqwldo lv wkh
vdph ryhu shulrgv |ý �c é é é c |n A W=

5|3�� ý 5|3�2 ' ü ü ü ' 5|nA W� ý 5|nA W2 ' fé

Ohw V Eôä eh d orzhu erxqg rq wkh suredelolw| wkdw ?upv kdyh lghqwlfdo txdolwlhv ryhu ô
shulrgv1 Zh nqrz wkdw/ iru hdfk ô c <V Eôä erxqghg deryh }hur e| D70D81 Wkh deryh
hyhqw rffxuv zlwk suredelolw| ri dw ohdvw V EA W n �ä éZh fdq wkhq frqfoxgh wkdw iurp
dq| duelwudu| vwdwh lq shulrg |cý

%|nA
W3�

� c %|nA
W3�

2 c q|nA
W
c ò|nA

Wü 5 l� ^ l2

dqg 5|nA
W3�

� ý 5|nA W3�2 ' f zlwk suredelolw| h{fhhglqj V EA W n �ä 0Wé
Li txdolwlhv uhpdlq wkh vdph iru wkh uhpdlqghu ri wkh krul}rq wkhq/ e| Wkhruhp

9/ lw iroorzv wkdw

*ð4
ô<"

ý
è|nA

Wnô
� c è|nA

Wnô
2

ü 5 õýèc èü c ýèc èüô é
Zorj/ vxssrvh *ð4ô<"

ý
è|nA

Wnô
� c è|nA

Wnô
2

ü
'
ý
èc è

ü
é +Wkh hqwluh surri fdq eh uhgrqh

iru zkhq wkh rwkhu fdvh rffxuv1, Gh?qh B ì èý èý 5é E| dvvxpswlrq/ B : fé Wkhuh
wkhq h{lvwv ?qlwh A vxfk wkdw

è|nA
Wnô

� ý è 5
ë
fc
B

e

ê
dqg èý è|nA Wnô2 5

ë
fc
B

e

ê
;ô è Ac

dv orqj dv txdolwlhv uhpdlq lghqwlfdo1 Txdolwlhv uhpdlq lghqwlfdo ryhu shulrgv |c é é é c |n
A W n A zlwk suredelolw| ri dw ohdvw V EA âä zkhuh A â ì A W n A 1 Wkhuhiruh/ zlwk
suredelolw| ri dw ohdvw V EA â n �ä 0Wc zh kdyh=

è|nA
â

� ý è 5
ë
fc
B

e

ê
dqg èý è|nA â2 5

ë
fc
B

e

ê
é

Fkrrvh # 5 ýfc B
e

ü
é Wkhuh duh irxu fdvhv wr frqvlghu=

l, 4@ 
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ú|nA
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â3�
�

r
÷ è|nA
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� n #

dqg 4ð?
q
ú|nA

â
2 c %|nA

â3�
2

r
: è|nA

â
2 ý #

ll, 4@ 
q
ú|nA

â
� c %|nA

â3�
�

r
: è|nA
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� n #

dqg 4ð?
q
ú|nA

â
2 c %|nA

â3�
2

r
: è|nA

â
2 ý #

lll, 4@ 
q
ú|nA

â
� c %|nA

â3�
�

r
÷ è|nA

â
� n #

dqg 4ð?
q
ú|nA

â
2 c %|nA

â3�
2

r
÷ è|nA

â
� ý #

ly, 4@ 
q
ú|nA

â
� c %|nA

â3�
�

r
: è|nA

â
� n #

dqg 4ð?
q
ú|nA

â
2 c %|nA

â3�
2

r
÷ è|nA

â
2 ý #

l, Vxssrvh

4@ 
q
ú|nA

â
� c %|nA

â3�
�

r
÷ è|nA

â
� n # dqg 4ð?

q
ú|nA

â
2 c %|nA

â3�
2

r
: è|nA

â
2 ý #é
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Lw iroorzv=

4ð?
q
ú|nA

â
2 c %|nA

â3�
2

r
ý4@ 

q
ú|nA

â
� c %|nA

â3�
�

r
+6<,

: è|nA
â

2 ý # ý è|nA â� ý # : è|nA â2 ý è|nA â� ý B
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:

ë
èý B

e
ý èý B
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ê
ý B

2
: èý èý B ' 5é

Vlqfh %|nA
â

� é 4@ 
q
ú|nA

â
� c %|nA

â3�
�

r
dqg 4ð?

q
ú|nA

â
2 c %|nA

â3�
2

r
é %|nA â3�2 c lw iro0

orzv iurp +6<, wkdw 5 ÷ %|nA
â3�

2 ý %|nA â� é Vlqfh %|nA
â3�

� é 4@ 
q
ú|nA

â
� c %|nA

â3�
�

r
dqg 4ð?

q
ú|nA

â
2 c %|nA

â3�
2

r
é %|nA â2 c lw iroorzv iurp +6<, wkdw 5 ÷ %|nA

â
2 ý%|nA â3�� 1

Khqfh/ uhjdugohvv ri wkh uhdol}dwlrqv ri
í
5|nA

â
� c 5|nA

â
2

ì
c w|sh 3 +4, fxvwrphuv zkr

duh or|do lq wkh fxuuhqw shulrg wr ?up 4 +5, zloo uhpdlq vr dqg w|sh 3 +4, fxv0
wrphuv zkr duh or|do lq wkh fxuuhqw shulrg wr ?up 5 +4, exw ex| iurp ?up 4
+5, zloo vzlwfk wkhlu or|dow| wr ?up 4 +5,1 Wkh htxdwlrq ri prwlrq lv wkhqí

q|nA
ân�c ò|nA

ân�
ì
'
í
q|nA
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n 4

í
ký q|nA â

ì
c E�ý 4ä ò|nA â

ì
é

Iurp wkh surri ri Wkhruhp 7/ zh nqrz wkdw zkhq wklv lv wkh htxdwlrq ri prwlrq
wkhq4@ 
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é Xvlqj wkh lqgxfwlrq dujxphqw iurp wkh surri ri Wkhruhp

9/ *ð4ô<"
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ì
5 iEkc fä c Efc �ý käj é

ll, Vxssrvh
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Uhfdoo wkdw 4@ 
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â
� ' +|nA
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� é Vlqfh # lv erxqghg deryh

}hur wkhq zh fdq fkrrvh 1 vr wkdw wkh hyhqw +|nA
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â
� c è|nA
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ì
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suredelolw| erxqghg deryh }hur1 Vxssrvh txdolwlhv uhpdlq lghqwlfdo1 Vlqfh
%|nA

â
� ÷ %|nA

â3�
2 dqg %|nA
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� ÷ %|nA

â3�
2 wkhq è|nA
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Ilqdoo|/ vxssrvh ?up 5 grhv qrw jhw d qhz lghd/ vr wkdw %|nA
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2 ' %|nA
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2 é Khqfh/
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Zh duh qrz lq fdvh +l, vr zh*uh grqh1

lll, Vxssrvh 4@ 
q
ú|nA

â
� c %|nA

â3�
�

r
÷ è|nA

â
� n# dqg 4ð?

q
ú|nA

â
2 c %|nA

â3�
2

r
÷ è|nA

â
� ý#é

Wkh surri lv h{dfwo| dv lq fdvh +ll, h{fhsw wkdw wkh urohv ri ?upv 4 dqg 5 duh
uhyhuvhg1

ly, Vxssrvh 4@ 
q
ú|nA

â
� c %|nA

â3�
�

r
: è|nA

â
� n# dqg 4ð?

q
ú|nA

â
2 c %|nA

â3�
2

r
÷ è|nA

â
� ý#é

Wkh surri lqyroyhv xvlqj wkh phwkrg ghsor|hg iru ?up 4 lq fdvh +ll, rq erwk
?upv 4 dqg 51 ï

Surri ri Wkhruhp ;= Zh zloo vkrz wkdw < ?qlwh Að dqg 0ð : f vxfk wkdw/ iru
doo r|c r|nAð 5 Kð zlwk suredelolw| ri dw ohdvw 0ðc ð 5 i�c 2c ôc ej é Khqfh/ wkh suredelolw|
wkdw wkh vwdwh lv lq Kð zlwklq &Að shulrgv lv dw ohdvw � ý E�ý 0ðä& é Lw iroorzv wkdw/
doprvw vxuho|/ wkh vwdwh lv lq Kð lq ?qlwh wlph1 Wkhuh duh wzr fdvhv wr frqvlghu= l,ññ%|3�� ý %|3�2

ññ : 5( dqg ll,
ññ%|3�� ý %|3�2

ññ ÷ 5é
l, Vxssrvh

ññ%|3�� ý %|3�2

ññ : 5é Vlqfh/ e| dvvxpswlrq/ 5 : èý è wkhq
ññ%|3�� ý %|3�2

ññ :
è ý èé Jlyhq K� dqg K2 duh lghqwlfdo h{fhsw iru d fkdqjh lq wkh qxpehulqj ri
?upv dqg Kô dqg Ke duh lghqwlfdo h{fhsw iru d fkdqjh lq wkh qxpehulqj ri ?upv
wkhq lw lv zorj wkdw zh dvvxph %|3�� ÷ %|3�2 é +l0d, vkrzv wkdw wkh vwdwh lv lq K� lq
?qlwh wlph zlwk srvlwlyh suredelolw|1 +l0e, vkrzv lw lv lq Kô dqg Keé +l0f, vkrzv
lw lv lq K2é

l0d, Vlqfh %|3�2 ý %|3�� : 5 è 5|3�2 ý 5|3�� wkhq w|sh 4 frqvxphuv suhihu ?up 5
dqg w|sh 3 frqvxphuv suhihu ?up 41 Li wkh txdolw| gl>huhqwldo dqg ?upv*
orfdwlrqv duh xqfkdqjhg ryhu shulrgv | ý �c é é é c | n ô â +khuh zh duh xvlqj
/ ÷ � dqg D8,/ frqvxphu g|qdplfv duh jlyhq e|ý
q|nôn�c ò|nôn�

ü
'
ý
q|nô n 4

ý
ký q|nôü c E�ý 4ä ò|nôü c ô 5 ifc �c é é é c ô âj é

Qrwh wkdw wkhvh g|qdplfv frqyhujh wr Ekc fä é Qh{w qrwh wkdw frqyhujhqfh
lv vorzhvw iru zkhq q| ' f dqg ò| ' � ý ké Krzhyhu/ hyhq iru wkdw fdvh/
< ?qlwh A vxfk wkdw q|nA : k

2
dqg ò|nA ÷ �3k

2
1 Wkxv/ uhjdugohvv ri wkh

lqlwldo vwdwh/ < ?qlwh A vxfk wkdw zlwk suredelolw| ri dw ohdvw E�ý /ä2A c
wkh vwdwh lq shulrg |n A olhv lq K�é

l0e, Uhfdoo wkdw è|�c è
|
2 5

ý
èc è

ü
é Vlqfh %|3�2 ý %|3�� : 5 : è ý è wkhq <# 5ë

fc
53Eè3èä

2

ê
vxfk wkdw %|3�� ÷ è ý # dqg2ru è n # ÷ %|3�2 é Zh zloo ?uvw

vkrz wkdw f ÷ %|2 ý %|� ÷ 5 zlwk suredelolw| erxqghg deryh }hur dqg wkhq
dujxh wkdw/ lq ?qlwh wlph zlwk srvlwlyh suredelolw| erxqghg deryh }hur/
wkh vwdwh lv lq Kð iru ð ' ôc eé Wkhuh duh wkuhh jhqhulf vxe0fdvhv wr frqvlghu=
4, %|3�� ÷ èý # dqg %|3�2 ÷ èn #( 5, %|3�� ÷ èý # dqg è n # ÷ %|3�2 ( dqg
6, èý # ÷ %|3�� dqg èn # ÷ %|3�2 é
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l0e04, Vxssrvh %|3�� ÷ èý# dqg %|3�2 ÷ èn#é Dv lw iroorzv wkdw %|3�� ÷ è|�
wkhq %|� ' +

|
� l> +

|
� 5

ý
%|3�� c ú|�

ü
é Jlyhq wkdw

ý
èý #c èü ã ý%|3�� c ú|�

ü
c li

+|� 5
ý
èý #c èü wkhq %|� ' +|�é Wklv rffxuv zlwk suredelolw| / û8 ýèüý 8 ýèý #üú

zklfk lv erxqghg deryh }hur1 Zh qhhg wr frqvlghu wzr vxe0fdvhv1
Lq vxe0fdvh 4*/ %|3�2 ÷ èé Zlwk suredelolw| /

û
8
ý
è|2
üý 8 ýèüú c +|2 5ý

èc è|2
ü
dqg wkhuhiruh %|2 ' +

|
2é Lq vxe0fdvh 5*/ è ÷ %

|3�
2 dqg/ zlwk sure0

delolw| �ý/c %|2 ' %|3�2 é Lq erwk fdvhv/ zh kdyh èý# ÷ %|� ÷ è ÷ %|2 ÷
èn #é Khqfh/ %|2 ý %|� ÷ èý èn 2# ÷ 51

l0e05, Vxssrvh %|3�� ÷ è ý # dqg è n # ÷ %|3�2 é E| wkh dujxphqw lq
+l0e04,/ è ý # ÷ %|� ÷ èé Xvlqj wklv vdph dujxphqw iru ?up 5/ zh
kdyh %|2 5

ý
èc èn #

ü
é Khqfh/ è ý # ÷ %|� ÷ %|2 ÷ è n # dqg wkxv

f ÷ %|2 ý %|� ÷ 5é
l0e06, Vxssrvh è ý # ÷ %|3�� dqg è n # ÷ %|3�2 é Zh wkhq mxvw qhhg wr

uhyhuvh wkh urohv lq +l0e04, wr jhw è ý # ÷ %|� ÷ è ÷ %|2 ÷ è n # dqg
wkxv f ÷ %|2 ý %|� ÷ 5é

Zh frqfoxgh wkdw/ zlwk suredelolw| erxqghg deryh }hur/ f ÷ %|2ý %|� ÷ 5
dqg wkhuhiruh zlwk srvlwlyh suredelolw| +e| D7,/ 5|� ý 5|2 : %|2 ý %|� vr
wkdw doo frqvxphu w|shv suhihu ?up 41 Dv orqj dv ?upv* orfdwlrqv dqg
txdolwlhv uhpdlq ?{hg wkhq

ý
q|nô c ò|nô

ü
lv frqyhujlqj wr Ekc �ý kä é

Wkxv/ lq ?qlwh wlph zlwk srvlwlyh suredelolw|/ wkh vwdwh olhv lq Kôé
Zlwk srvlwlyh suredelolw|/ 5|� ý 5|2 ÷ %|� ý %|2 ÷ f vr wkdw doo frqvxphu
w|shv suhihu ?up 51 Dv orqj dv ?upv* orfdwlrqv dqg txdolwlhv uhpdlq
?{hg wkhq

ý
q|nô c ò|nô

ü
lv frqyhujlqj wr Efc fä é Wkxv/ lq ?qlwh wlph zlwk

srvlwlyh suredelolw|/ wkh vwdwh olhv lq Keé

l0f, Frqwlqxh zlwk wkh frqvwuxfwlrq lq +l0e, lq zklfk fdvh %|� ÷ %
|
2c %

|
2ý%|� ÷ 5c

dqg m%|� ý %|2m ÷ m5|� ý 5|2m é Wklv lpsolhv wkdw erwk frqvxphu w|shv suhihu
wkh vdph ?up1 Li ?upv* orfdwlrqv dqg txdolwlhv gr qrw fkdqjh wkhq d ?u0
p*v pl{ ri or|do fxvwrphuv lv frqyhujlqj wr hlwkhu Ekc �ý kä ru Efc fä é Lw
iroorzv wkdw d ?up*v pl{ ri fxvwrphuv zkr ylvlw lw hdfk shulrg lv frq0
yhujlqj wr hlwkhu E�ý 4äk ri w|sh 3 fxvwrphuv dqg E�ý 4ä E�ý kä ri
w|sh 4 fxvwrphuv ru 4k ri w|sh 3 fxvwrphuv dqg 4 E�ý kä ri w|sh 4 fxv0

wrphuv1 Wkhuhiruh/
ý
è|nAnô� c è|nAnô2

ü
lv frqyhujlqj wr

íeèc eèì c zkhuh eè '

è Ekc �ý kä ' è Efc fä c dv ô $41 Khqfh/ < ?qlwh A â vxfk wkdw hlwkhu= l0f0
4, è|nA

â
� c è|nA

â
2 ÷ %|nA

â3�
� ÷ %|nA

â3�
2 > l0f05, %|nA

â3�
� ÷ è|nA

â
� c è|nA

â
2 ÷ %|nA

â3�
2 (

ru l0f06, %|nA
â3�

� ÷ %|nA
â3�

2 ÷ è|nA
â

� c è|nA
â

2 é Qrwh wkdw zh xvh wkh idfw wkdw
zh fdq pdnh è|nAnô� dqg è|nAnô2 dv forvh dv zh olnh vlqfh wkh| duh erwk
frqyhujlqj rq wkh vdph ydoxh1 Iru hdfk ri wkhvh fdvhv/ zh zdqw wr suryh
wkdw < ?qlwh ô vxfk wkdw %|nA ânô2 ÷ %|nA

ânô
� zlwk suredelolw| erxqghg deryh

}hur1 Iurp wkdw srlqw/ zh*oo dujxh wkdw wkh vwdwh zloo jhw lqwr K2é

l0f04, Vxssrvh è|nA
â

� c è|nA
â

2 ÷ %|nA
â3�

� ÷ %|nA
â3�

2 éDvvxph ?up 4 uhfhlyhv qr
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qhz lghd dqg ?up 5 uhfhlyhv d qhz lghd zlwk +|nA
â

2 5
í
è|nA

â
2 c %|nA

â3�
�

ì
é

Zh wkhq kdyh/ zlwk suredelolw| erxqghg deryh }hur/ %|nA
â

2 ÷ %|nA
â

� é

l0f05, Vxssrvh %|nA
â3�

� ÷ è|nA
â

� c è|nA
â

2 ÷ %|nA
â3�

2 é E| fkrrvlqj A â vr wkdw
è|nA

â
� dqg è|nA

â
2 duh vx!flhqwo| forvh/ lw iroorzv iurp %|nA

â3�
� ÷ è|nA

â
� c è|nA

â
2 ÷

%|nA
â3�

2 wkdw ú|nA
â

2 ÷ ú|nA
â

� 1 Zh wkhq kdyh %|nA
â3�

� ÷ è|nA
â

� ÷ ú|nA
â

�

dqg ú|nA
â

2 ÷ è|nA
â

2 ÷ %|nA
â3�

2 é Ohw ?up 4 uhfhlyh d qhz lghd ri +|nA
â

� 5í
ú|nA

â
2 c ú|nA

â
�

ì
dqg ?up 5 uhfhlyhv d qhz lghd ri +|nA

â
2 5

í
ú|nA

â
2 c +|nA

â
�

ì
é

Wkxv/ zlwk suredelolw| erxqghg deryh }hur/ %|nA
â

2 ÷ %|nA
â

� é

l0f06, Vxssrvh %|nA
â3�

� ÷ %|nA
â3�

2 ÷ è|nA
â

� c è|nA
â

2 1 Dvvxph ?up 5 uhfhlyhv

qr qhz lghd dqg ?up 4 uhfhlyhv d qhz lghd +|nA
â

� 5
í
%|nA

â3�
2 c è|nA

â
�

ì
é

Zlwk suredelolw| erxqghg deryh }hur/ %|nA
â

2 ÷ %|nA
â

� é

Zh kdyh wkhq vkrzq wkdw < ?qlwh A â vxfk wkdw %|nA
â

2 ÷ %|nA
â

� zlwk sure0
delolw| erxqghg deryh }hur1 Qrz vxssrvh wkdw txdolwlhv duh lghqwlfdo/
5|nA

â
� ý 5|nA â2 ' f( zklfk rffxuv zlwk srvlwlyh suredelolw| e| D71 Li
?upv* orfdwlrqv dqg txdolwlhv uhpdlq xqfkdqjhg wkhq/ lq ?qlwh wlph
zlwk suredelolw| erxqghg deryh }hur/ wkh vwdwh olhv lq K2é

Lq vxp/ li
ññ%|3�� ý %|3�2

ññ : 5 dqg %|3�� ÷ %|3�2 wkhq < ?qlwh Að dqg 0ð : f vxfk wkdw/
uhjdugohvv ri wkh vwdwh lq shulrg |/ wkh vwdwh lv lq Kð lq shulrg |n Að zlwk suredelolw|
ri dw ohdvw 0ðé

ll, Vxssrvh
ññ%|3�� ý %|3�2

ññ ÷ 5éZlwk srvlwlyh suredelolw|/ 5|�ý5|2 : m%|� ý %|2m vr wkdw doo
frqvxphu w|shv suhihu ?up 41 Dv orqj dv ?upv* orfdwlrqv dqg txdolwlhv uhpdlq
?{hg wkhq

ý
q|nô c ò|nô

ü
lv frqyhujlqj wr Ekc �ý kä é Wkxv/ lq ?qlwh wlph zlwk

srvlwlyh suredelolw|/ wkh vwdwh olhv lq Kôé Zlwk srvlwlyh suredelolw|/ 5|2 ý 5|� :
m%|� ý %|2m1 Dv orqj dv ?upv* orfdwlrqv dqg txdolwlhv uhpdlq ?{hg wkhq

ý
q|nô c ò|nô

ü
lv frqyhujlqj wr Efc fä é Wkxv/ lq ?qlwh wlph zlwk srvlwlyh suredelolw|/ wkh vwdwh
olhv lq Keé Rqfh lq hlwkhu Kô ru Kec wkh dujxphqw lq +l0f, fdq eh xvhg wr jhw wr
hlwkhu K� ru K2 lq ?qlwh wlph zlwk srvlwlyh suredelolw|1 ï
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